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Chap 9 SÈ�mÚHilbert�m

§5 g��f!j�fÚ�~�f

�!, ·��	AaAÏ�k.�f. §�©OéAuk�

��/�HermiteÝ
,jÝ
�. Äk�Ä¤¢g��f.

½Â1

� H ´��Hilbert �m, T : H 7→ H ´��k.�5�f.

e T = T∗,K¡ T ´g��f,{¡ T g�.

♠ ©z¥,g��f�¡�g�Ý�f(self-adjoint operator).

♠ �âþã½ÂÚ�Ý�f�½Â, ·��±��Xeg�5

��dLã.
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g�5�dLã

� H ´��Hilbert�m. Kk.�5�fT : H 7→ H g��

¿©7�^�´

〈Tx, y〉 = 〈x, Ty〉, x, y ∈ H. (1)

÷v^�(1)��f¡�é¡�f.

þã(ØL²,3k.�f��/g�5�é¡5´���.

3Ã.�f��/,g�5�é¡5´Ø��.
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Ún1

� H ´��ESÈ�m, T : H 7→ H ´��k.�5�f.

K T = 0�¿©7�^�´

〈Tx, x〉 = 0, x ∈ H. (2)

e��½n�Ñ
EHilbert �m�/ek.�fg�5�

,���d£ã.

½n1

� H ´��EHilbert �m, T : H 7→ H ´��k.�5�

f. K T g��¿©7�^�´: é�� x ∈ H, 〈Tx, x〉´¢ê.
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e��½nL², g��f8Üé�ê$�äk�½�µ4

5.

½n2

� H ´��Hilbert �m, T1, T2 ´ H þ�ü�g��f.

K:

(1) T1 + T2 ´g��f;

(2) é?¿¢ê α,ê¦ αT1 �´g��f;

(3) T1T2g��¿�^�´ T1T2 = T2T1, = T1 � T2 ��

�.
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e��½n`²,g��f8Üé4�$��´µ4�.

½n3

� H ´��Hilbert �m, {Tn} ´ H þ���g��f. e

{Tn}��f�êÂñuk.�f T,K T �´g��f.

e¡�Ä¤¢j�f,da�féAuk���/�jÝ
.

½Â2

� H ´��Hilbert �m, T : H 7→ H ´��k.�5�f.

e T �_(=�V�)� T−1 = T∗,K¡ T ´j�f.

♠ 3 T ´k.�f�^�e, T ´j�f⇔ T ´÷���±S

È.
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e��½n�Ñ
j�f�$�5�.

½n3

� H ´��Hilbert�m,Ke�·K¤á:

1 e U ´ H þ�j�f,K U �±�ê;

2 e U ´ Hþ�j�f� H 6= {0},K ‖U‖ = 1;

3 e U ´ Hþ�j�f,K U−1 �´j�f;

4 e U, V Ñ´ H þ�j�f,K UV �´j�f;

5 e {Un}´ H þ���j�f,� {Un}��f�êÂñu
k.�f W,K W �´j�f.
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j�f+

� H ´��Hilbert�m,± U L« H þ��Nj�f�¤

�8Ü.K U 'u�f¦{�¤��+,Ùü ��ð��f(=

ü �f).

T+¡�Hilbert�m H �j�f+.

ÝK�f3j�f�^eØC

� H ´��Hilbert�m, U � H þ�j�f. Ké H þ�

z�ÝK�f P,�f UPU−1 �´ÝK�f.
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j�f´�±SÈ��f, l�´���f. �´�±S

È��f�7´j�f.

~1

�ÄHilbert�m l2. ½Â�f T : l2 7→ l2 Xe:

T(ξ1, ξ2, ξ3, · · · ) = (0, ξ1, ξ2, · · · ),

(ξ1, ξ2, ξ3, · · · ) ∈ l2. ´� T ´ l2 �Ùg��k.�5�f. ØJ

�yT �´���±SÈ��f.

,��¡, ·�w� T ��´ l2 ¥1���I� 0 ��þ

��N.Ïd, T Ø´÷�. ù`² T Ø´j�f.

♦ þã�f T ¡� l2 ¥�ü�£ �f½í£�f.
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½n5

� H ´��Hilbert �m, T : H 7→ H ´��k.�5�f.

K T ´j�f⇔ T ´÷���±�ê.

��,·�0�¤¢�~�f,ù�´�a���f.

½Â3

� H ´��Hilbert �m, T : H 7→ H ´��k.�5�f.

e TT∗ = T∗T,K¡ T ´ H þ��~�f (normal operator)
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(k�©)

� T ´EHilbert�m H þ���k.�5�f. ½Â

A = (T + T∗)/2, B = (T − T∗)/2i. (3)

N´�y�f AÚ BÑ´g��f,¿� T = A + iB.

¡ T = A + iB�(k�©),Ù¥ AÚ B©O¡� T �¢

ÜÚJÜ.

½n6

� T ´EHilbert�m H þ���k.�5�f, T = A + iB

�Ù(k�©). K T ��~�f�¿©7�^�´ A� B�

��,= AB = BA.
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½n7

� T ´EHilbert�m H þ���k.�5�f. K T ��

~�f�¿©7�^�´:

‖T∗x‖ = ‖Tx‖, x ∈ H. (4)
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