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Chap 9 SÈ�mÚHilbert�m

§4 Hilbert�mþ�ëY�5�¼

¯¤±�,îª�mþ��5�¼�±±Ù¥��þ5L«.

e¡,·�ò¬w�Ã¡��/e�kaq�L«.

Hilbert�m¥�þ½Â��¼
� H ´Hilbert�m, H∗ ´Ù�Ý�m. � z ∈ H,½Â�¼

fz Xe:

fz(x) = 〈x, z〉, x ∈ H. (1)

N´uy fz´ Hþ�ëY�5�¼,= fz ∈ H∗,¿� ‖fz‖ = ‖z‖.
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½n1 (Riesz½n)

� H ´Hilbert �m, f´ Hþ�ëY�5�¼, K�3��

��þ z ∈ H,¦�

f (x) = 〈x, z〉, x ∈ H. (2)

¿� ‖f‖ = ‖z‖.

♠ �âRiesz½n, éz� f ∈ H∗, k z ∈ H ¦� f = fz. ù`

²Hilbert�mþ�ëY�5�¼Ñ´�þ½Â��¼.
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�ÝÓ�

� X Ú Y ´ê� K þ�ü�Banach �m. e�3N�

T : X 7→ Y ÷v: (1) T ´V�; (2) T �±�ê; (3) T äk�Ý

�5,=

T(αu + βv) = ᾱTu + β̄Tv, α, β ∈ K, u, v ∈ X; (3)

K¡ X � Y �ÝÓ�,¿¡ T : X 7→ Y ´�ÝÓ�N�.

♠ ¡ T : X 7→ Y �±�ê´� ‖Tu‖ = ‖u‖.

♠ eBanach�m X � Y �ÝÓ�, K©z¥~ò§�À�Ó

�,Ø\«©.
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íØ1
� H ´ê� Kþ�Hilbert�m, H∗ ´Ù�Ý�m. ½ÂN

� T : H 7→ H∗ Xe

Tz = fz, z ∈ H. (4)

K T : H 7→ H∗ ´���ÝÓ�N�,l
 H � H∗ �ÝÓ�.

♠ du�ÝÓ��Banach �m�À�Ó�, Ïd H = H∗, =

H ´g�Ý�.
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½n2

� X Ú Y ´ü�Hilbert �m, A ∈ B(X 7→ Y), K�3��

A∗ ∈ B(Y 7→ X)÷v

〈Ax, y〉 = 〈x, A∗y〉, x ∈ X, y ∈ Y (5)

¿� ‖A∗‖ = ‖A‖.

½Â1

� X Ú Y ´ü�Hilbert�m, A ∈ B(X 7→ Y). Kd½n2(

½��f A∗ ∈ B(Y 7→ X) ¡� A �Hilbert �Ý�f, {¡�Ý

�f.
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�f�Ý$��5�

� X Ú Y ´ü�Hilbert�m, A, B ∈ B(X 7→ Y), α´ê,K

¤á:

(A + B)∗ = A∗ + B∗;

(αA)∗ = ᾱA∗;

(A∗)∗ = A;

‖AA∗‖ = ‖A∗A‖ = ‖A‖2;

� X = Y �,k (AB)∗ = B∗A∗.
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