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Chap 9 SÈ�mÚHilbert�m

§2 ÝK½n

� X ´��Ýþ�m, M ⊂ X ´��f8, x ∈ X ´�:,½
Â

d(x, M) = inf
z∈M

d(x, z), (1)

¡��: x�:8 M �ål. � X ´D��5�m�, x�:8
M �ål�

d(x, M) = inf
z∈M

‖x − z‖. (2)

¯K:´Ä�3: z ∈ M ¦� d(x, M) = ‖x − z‖? XJ�3
ù��:,@"ù��:´Ä��?
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�5�m¥�à8

� X ´���5�m, M ⊂ X ´����f8. eéu?¿
ü��þ x, y ∈ M Ñk

{ θx + (1− θ)y | 0 ≤ θ ≤ 1 } ⊂ M, (3)

K¡ M �à8. Ù¥ θx + (1− θ)y~¡��þ xÚ y�à|Ü.

½n1 (4�z�þ½n)

� H ´��Hilbert�m, M ⊂ H ´�����4!àf8.
Kéz� x ∈ H,�3��� z ∈ M ÷v

d(x, M) = ‖x − z‖. (4)

Ù¥ ‖ · ‖�SÈ�)¤�ê.
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♠ 34�z�þ½n¥,eò�^�U��“H ´��SÈ�m,
M ⊂ H ´����àf8�'u H ¥�SÈ�Ñ�ål��”,
K(ØE,¤á. ë��á1242�½n1.

y²

d d(x, M)�½Â��,�3�þS� {zn} ⊂ M ÷v

d(x, M) ≤ ‖x − zn‖ < d(x, M) +
1
n
, n ≥ 1. (5)

ey {zn} ´Cauchy S�. é?¿ m, n ≥ 1, ¦^²1o>/ú
ª�

2(‖x − zn‖2 + ‖x − zm‖2)

= ‖(x − zn) + (x − zm)‖2 + ‖(x − zn)− (x − zm)‖2.
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y²(Y)

dd¿¦^(5)ª��

‖(zm − zn)‖2 = 2(‖x − zn‖2 + ‖x − zm‖2)− 4‖x − (zn + zm)/2‖2

≤ 2(‖x − zn‖2 + ‖x − zm‖2)− 4[d(x, M)]2

→ 0 (m, n →∞).

ly²
 {zn}´CauchyS�. Ï H´Hilbert�m,� {zn}Â
ñ. eP z = limn→∞ zn,Kd M �45� z ∈ M. 3Ø�ª(5)�
�à�4�,Ó�¦^�ê�ëY5B�

‖x − z‖ = d(x, M).

eyù�� z�´���.

5 / 14



y²(Y)

Ù¢, e�k z′ ¦� ‖x − z′‖ = d(x, M), K¦^²1o>/
úª�

4[d(x, M)]2 = 2(‖x − z‖2 + ‖x − z′‖2)

= 4‖x − (z + z′)/2‖2 + ‖z′ − z‖2

≥ 4[d(x, M)]2 + ‖z′ − z‖2.

�� ‖z′ − z‖2 = 0,l z′ = z.

♠ 3½n1�y²¥, ²1o>/úª��E^�. v�T½n
r�/�6uSÈ�m�`ûAÛ5�.

6 / 14



íØ1

� H ´��Hilbert�m, M ⊂ H ´��4f�m. Kéz�
x ∈ H,�3��� z ∈ M ÷v

d(x, M) = ‖x − z‖. (6)

Ù¥ ‖ · ‖�SÈ�)¤�ê.

½Â1

� H ´��SÈ�m, x, y ∈ H ´ü��þ, M ⊂ H ´��
f8.

(1) e 〈x, y〉 = 0,K¡�þ x� y��,P� x ⊥ y.
(2) e x � M ¥�z���þÑ��, K¡ x � M ��,

P� x ⊥ M.
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`²

(1) � H ´SÈ�m, M1, M2 ⊂ H ´ü�f8. K�aq½
Â M1 ⊥ M2.

(2) ex, y´SÈ�m H ¥�ü��þ,� x ⊥ y,KkXe
��úª

‖x + y‖2 = ‖x‖2 + ‖y‖2. (7)

½n2

� H ´SÈ�m, M ⊂ H ´���5f�m, x ∈ H ´��
�þ. ek z ∈ M ÷v

‖x − z‖ = d(x, M), (8)

K x − z ⊥ M,= x − z� M ��.
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y²

�k z ∈ M ÷v(8), y x − z ⊥ M. ?� u ∈ M. �ÄXe
¢�g¼ê:

f (t) = ‖(x − z) + tu)‖2 = ‖x − z‖2 + 2Re〈x − z, u〉t + ‖u‖2t2. (9)

´� f (0) = ‖x − z‖2 = [d(x, M)]2. qÏ z− tu ∈ M,¤±

f (t) = ‖(x − z) + tu)‖2 = ‖x − (z− tu)‖2 ≥ [d(x, M)]2 = f (0).

ù`² f (t)3 t = 0?�����,l f ′(0) = 0,dd�

Re〈x − z, u〉 = 0. (10)

� H ´¢SÈ�m�,þª=� 〈x − z, u〉 = 0,= x − z ⊥ u.
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y²(Y)

� H ´ESÈ�m�,du iu ∈ M,¤±¦^Ó��{�±��

Im〈x − z, u〉 = Re〈x − z, iu〉 = 0. (11)

òdª�(10)(ÜB� 〈x − z, u〉 = 0,= x − z ⊥ u.
o� x−z ⊥ u. �Ù¥ u ∈ M´?¿À��,Ïd x−z ⊥ M.

½Â2
� H ´SÈ�m, D ⊂ H ��.½Â

D⊥ = { x ∈ H | x ⊥ D }. (12)

¡�� D3 H ¥���Ö.

10 / 14



��Ö�{ü5�

� H ´��SÈ�m, D ⊂ H ´����f8. K:

(1) D⊥ ´ H �4f�m;

(2) (span D)⊥ = D⊥,= DÜ¤��5f�m� Dk�Ó�
��Ö.

½n3

� H ´Hilbert�m, M ⊂ H ´��4f�m. Kéz�
x ∈ H,Ñk����éu ∈ M, v ∈ M⊥ ÷v

x = u + v. (13)

= H = M ⊕M⊥ d= { u + v | u ∈ M, v ∈ M⊥ }.
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y²

�âíØ1Ú½n2,�3 u ∈ M¦� x−u ⊥ M. - v = x−u,
K v ∈ M⊥ � x = u + v.

e�ku′ ∈ M, v′ ∈ M⊥ ÷v x = u′ + v′, K u − u′ = v′ − v,
l

〈u− u′, u− u′〉 = 〈u− u′, v′ − v〉 = 0,

ù¿�X u = u′, v = v′.

��ÝK

� H ´Hilbert�m, M ⊂ H ´��4f�m, x ∈ H,K�3
������þ u ∈ M ÷v

x − u ⊥ M.

¡�þ u��þ x34f�m M ¥���ÝK,{¡ÝK.
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ÝK�f

� H ´Hilbert�m, M ⊂ H ´��4f�m. ½Â�f
P : H 7→ H Xe:

Px = u (u� x3 M ¥�ÝK), x ∈ H. (14)

K P ´ H þ�k.�5�f, ¡�� M ���ÝK�f, {
¡ÝK�f. ´�,ÝK�f Päke�5�:

(1) Pu = u, ∀ u ∈ M; Pv = 0, ∀ v ∈ M⊥;

(2) P2 = P. d? P2 = PP.
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½n4

� H ´Hilbert�m, M ⊂ H ´��4f�m. P M⊥⊥ =(
M⊥)⊥,K

M⊥⊥ = M. (15)

½n5

� H ´Hilbert�m, D ⊂ H ´����f8. span D3 H ¥
È��¿©7�^�´ D⊥ = {0}.
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