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��3��Ã���[�þk��þ©Ù, �8¥3 x = 0 ?, o�þ���ü .

b½©Ù�Ý� δ(x), KAk

δ(x) =

{
0, x 6= 0;

∞, x = 0,

¿�
∫ +∞
−∞ δ(x)dx = 1. �´, �âLebesgue È©nØ, ù�� δ(x) J±��¼ê5n),

�J±n)éÙ?1¦�ê$�. ¯¢þ, XJò δ(x) ��ÊÏ¼ê5n), K δ(x) = 0

a.e., l

∫ +∞
−∞ δ(x)dx = 0, =o�þ� 0. gñ!

,
, 3ó§Eâ¥� δ(x) ù��é�%�©~�. ~X, 3Ã�>ó§¥~�Ä¤

¢óÀy�, =34á��mS�uÑ��ü Uþ�&Ò. ù�þã�þ©Ù�/�©

�q, ó§Eâ©z¥Ò^ δ(x) 5L«.

XÛî�
Ün/n)Ú½Â δ(x) ù��é�Q²´�Ï{3êÆ[�¡c�­�

nØ¯K.þ­VÊ�c�,3c<ó��Ä:þSchwartzïá
2Â¼ênØ.3dnØ

¥, � δ(x) ù��é�ªu¼�
î�
Ün�êÆ½Â. dd, �'ó§EânØ½¼

�
î��êÆÄ:.

�,, 2Â¼ênØ�¿ÂýØ==3uî�)ºÚ½Â δ(x) ù��é�. 2Â¼ê

nØ3nØÔn,ó§Eâ,�©�§nØ,+L«Ø±9�¼©Û¥ÑX��
2��A

^. ~X, |^2Â¼ênØ<�ïá
�©�§�¤¢f)�{, l
4�/íÄ
�

©�§nØ�uÐ.2X,/Ïu2Â¼ênØ,<��±ò¦�ê$�í2��)ëY¼

ê3S������a¼êþ.

�!, ·�ò0�2Â¼ênØ��¿. �Äc¡J���þ©Ù�Ý δ(x). � ϕ(x)

´��ëY¼ê, KAk ∫ +∞

−∞
δ(x)ϕ(x)dx = ϕ(0).

Ù¢, ·�ke�Ün�/ªí�:∣∣∣ ∫ +∞

−∞
δ(x)ϕ(x)dx− ϕ(0)

∣∣∣ =
∣∣∣ ∫ +ε

−ε
δ(x)(ϕ(x)− ϕ(0))dx

∣∣∣
≤ max
|x|≤ε
|ϕ(x)− ϕ(0)|

∫ +ε

−ε
δ(x)dx

= max
|x|≤ε
|ϕ(x)− ϕ(0)|

→ 0 (ε→ 0).
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ù�, �,
∫ +∞
−∞ δ(x)dx �êÆ¿ÂÿØ�Ù, �e�éA'X%´(½�

ϕ : 7→
∫ +∞

−∞
δ(x)ϕ(x)dx = ϕ(0).

Ïd�±r δ(x) n)�,�ëY¼ê�mþ�ëY�5�¼. ?�Ú, XJ�'ëY¼

ê�m����m, @oÒ�±���õ�ëY�5�¼. ù��ëY�5�¼Ò´·�

�¡�0��2Â¼ê.

� ϕ(x) ´½Â3¢¶ R þ�¼ê. ¡:8 {x | ϕ(x) 6= 0} �4�� ϕ(x) �| ½

|8, P� suppϕ. e¼ê ϕ(x) �|  suppϕ ´;8, K¡ ϕ(x) äk;| (8). d�,

7k��k�4«m [a, b] ¦� suppϕ ⊂ [a, b].

½Â1 ± D L«3 R þÃ�g���äk;| �¼ê��N. UìÏ~\{Ú

ê¦ D �¤�5�m. 3 D ¥½ÂÂñVgXe: � {ϕn} ⊂ D, ϕ ∈ D, e

(1) �3«m [a, b] ¦� suppϕn ⊂ [a, b], ∀n ≥ 1;

(2) éz� k ≥ 1, � n→∞ �¼ê� ϕ
(k)
n (x) 3 R þ��Âñu¼ê ϕ(k)(x),

K¡ ϕn 3 D ¥Âñu ϕ, P� ϕn
D→ ϕ. u´ D ´��äkÂñ(���5�m, ¡�

Ä��m.

½Â2 Ä��m D þ�ëY�5�¼��2Â¼ê. e Φ ´��2Â¼ê, ϕ ∈ D,

K~ò Φ(ϕ) P� 〈Φ, ϕ〉.

~1 3z�k�«mþÑLebsgue�È�¼ê¡�ÛÜ�È¼ê. � f ´��ÛÜ

�È¼ê, K3Ä��m D þ�½ÂXe�¼ Φf :

Φf (ϕ) =

∫ +∞

−∞
f(x)ϕ(x)dx, ϕ ∈ D. (11.1)

´� Φf ´ Dþ��5�¼. � {ϕn} ⊂ D� ϕn
D→ ϕ ∈ D. KØJ�y Φf (ϕn)→ Φf (ϕ).

l
 Φf ´Ä��m D þ���ëY�5�¼, =´��2Â¼ê.

þã?ØL², ÛÜ�È¼ê�2Â¼ê�m�3XéA'X f 7→ Φf . �±y²ù

�éA'X�´ü�. Ïd�±rÛÜ�È¼ê f À�2Â¼ê Φf . 3d¿Âe, ·�

`ÛÜ�È¼ê´2Â¼ê.

~2 3Ä��m D þ½Â�¼ δ Xe

δ(ϕ) = ϕ(0), ϕ ∈ D. (11.2)

´� δ ´ D þ��5�¼. � {ϕn} ⊂ D � ϕn
D→ ϕ ∈ D. K3 R þ¼ê� ϕn(x) ��

Âñu¼ê ϕ(x), AO/k ϕn(0) → ϕ(0), d= δ(ϕn) → δ(ϕ). ù`² δ ´Ä��m D



11 2Â¼ê�¿ 3

þ���ëY�5�¼, =´��2Â¼ê. ,��¡, �âc¡�/ªí�·�k∫ +∞

−∞
δ(x)ϕ(x)dx = ϕ(0), ϕ ∈ D.

Ïd�ò δ(x) À�þã2Â¼ê δ. ùÒ´ δ(x) �î�êÆ½Â.

� f ´����¼ê, Ké?¿ ϕ ∈ D, ¦^©ÜÈ©úª��

〈f ′, ϕ〉 =

∫ +∞

−∞
f ′(x)ϕ(x)dx = −

∫ +∞

−∞
f(x)ϕ′(x)dx = −〈f, ϕ′〉.

ùL² f ��ê f ′ À�2Â¼ê��dþª��mà�Ñ.

Édéu, ·�½Â2Â¼ê Φ ��ê Φ′ �Xe2Â¼ê

Φ′(ϕ) = 〈Φ′, ϕ〉 = −〈Φ,ϕ′〉 = −Φ(ϕ′), ϕ ∈ D. (11.3)

�±�y: éA'X ϕ : 7→ −Φ(ϕ′) (¢´Ä��m D þ���ëY�5�¼, =´��

2Â¼ê. duÄ��m¥�¼êk?¿��ê, ¤±2Â¼ê�k?¿��ê.

~3 �ÄXeHeaviside ¼ê

H(x) =

{
0, � x < 0 �;

1, � x ≥ 0 �.
(11.4)

´�Heaviside ¼ê H(x) ´��ÛÜ�È¼ê, Ï
�À�2Â¼ê. é?¿ ϕ ∈ D, ·

�k

〈H ′, ϕ〉 = −〈H,ϕ′〉 = −
∫ +∞

−∞
H(x)ϕ′(x)dx

= −
∫ +∞

0
ϕ′(x)dx = ϕ(0) = 〈δ, ϕ〉.

����2Â¼ê H ′ = δ. Ôn©z¥~òdP� H ′(x) = δ(x).


