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Chap 7 Ýþ�mÚD��5�m
§8 D��5�mÚBanach�m

3QkÿÀ(�qk�ê(���m¥, k�a�mw�A

O­�Úk^,@Ò´D��5�m. �!,·�ò�[0�da

�m. ±e, KEL«¢ê�R½Eê�C.

½Â1

�X´ê�Kþ����5�m, ‖ · ‖´��½Â3Xþ�

¢�¼ê. e ‖ · ‖÷v:

(i) ‖x‖ ≥ 0, x ∈ X;�é x ∈ X, ‖x‖ = 0⇔ x = 0;

(ii) ‖ax‖ = |a|‖x‖, a ∈ K, x ∈ X;

(iii) ‖x + y‖ ≤ ‖x‖+ ‖y‖, x, y ∈ X,

K¡ ‖ · ‖´Xþ��ê(¡ ‖x‖� x��ê), 
¡ (X, ‖ · ‖)�(ê

�Kþ�)D��5�m.
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�ê���5�∣∣ ‖x‖ − ‖y‖ ∣∣ ≤ ‖x− y‖, x, y ∈ X. (1)

��, �5�mþ��ê�ê�þ�ýé�(�)kXaq�

5�.

��êÂñ

� {xn}´D��5�m (X, ‖ · ‖)¥���:�,e

‖xn − x‖ → 0 (n→∞),

K¡ {xn}��êÂñu x,P�xn → x (n→∞)½limn→∞ xn = x.
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�ê�Ñ�ål

� (X, ‖ · ‖)´��D��5�m. ½ÂXþ���¼ê dX

e:

d(x, y) = ‖x− y‖, x, y ∈ X. (2)

K d´Xþ���ål,¡��ê ‖ · ‖�Ñ�ål.

dd��,D��5�m´�aAÏ�Ýþ�m. ´�,3D

��5�m¥, :� {xn}��êÂñu x�du {xn}U�Ñ�å
lÂñu x,=

��êÂñ�U�ÑålÂñ���5

‖xn − x‖ → 0 (n→∞) ⇐⇒ d(xn, x)→ 0 (n→∞).
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'u�Ñål�5�

� (X, ‖ · ‖)´��D��5�m, d´�ê ‖ · ‖�Ñ�ål.

K d÷v:

d(x, y) = d(x− y, 0), d(ax, 0) = |a|d(x, 0), (3)

Ù¥ x ∈ X, a ∈ K.

�±�y, XJ d´�5�mXþ���ål, ¿�÷v5

�(3),K d�½´,��ê�Ñ�ål.

k.8�A�

�D´D��5�mX��f8. KDk.�¿©7�^�

´�3�êM¦� ‖x‖ ≤ M, ∀ x ∈ D.
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�ê�ëY5

� (X, ‖ · ‖)´��D��5�m. KÙ�ê´ëY�,=: �

:� xn → x�,k ‖xn‖ → ‖x‖.

��D��5�m��ê´T�mþ���ëY�¼. Ù¢

Ø=�ê´ëY�, D��5�m¥�\{Úê¦$��Ñ´ë

Y�.

\{Úê¦$��ëY5

� (X, ‖ · ‖)´��D��5�m. KÙ\{Úê¦$�Ñ´

ëY�,=:

(i) e:� xn → x, yn → y,KÚ:� xn + yn → x + y;

(ii) eê� an → a,:� xn → x,Kê¦:� anxn → ax.

♠���D��5�m��Banch�m.
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~1. î¼�mRn

î¼�mRn'ue��ê(î¼�ê)�¤��Banch�m:

‖x‖ =
√
|ξ1|2 + |ξ2|2 + · · ·+ |ξn|2 (4)

Ù¥ x = (ξ1, ξ2, · · · , ξn) ∈ Rn.

w,î¼�ê�Ñ�ålT�c¡0�L�î¼ål, Ï


Rn'uî¼�ê�¤��Banch�m.

~2. ëY¼ê�mC[a, b]
ëY¼ê�mC[a, b]'ue�����ê�¤��Banch�

m:

‖x‖ = max
a≤t≤b

|x(t)|, x ∈ C[a, b]. (5)
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~3. k.ê��m l∞

k.ê��m l∞'ue��ê�¤��Banch�m:

‖x‖ = sup
k
|ξk| (6)

Ù¥ x = (ξ1, ξ2, · · · , ξk, · · · ) ∈ l∞.

~4. p-��È¼ê�m Lp[a, b]
� f (t)´«m [a, b]þ����ÿ¼ê. ¡ f (t)´��p-��

È¼êXJ ∫ b

a
|f (t)|pdt <∞. (7)

±Lp[a, b]L«3«m [a, b]þp-��È¼ê��N. éu f , g ∈
Lp[a, b],e f (t) = g(t) a.e.,K5½ f = g.
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Lp[a, b]´���5�m
♦ ´�, Lp[a, b]éê¦$�µ4.

♦ |^Ø�ª |a + b|p ≤ 2p(|a|p + |b|p) ��yLp[a, b]é\
{$�µ4.

Lp-�ê ‖ · ‖p

� p > 0, f ∈ Lp[a, b],K5½:

‖f‖p =
( ∫ b

a
|f (t)|pdt

) 1
p
. (8)

¡�� f �Lp-�ê.

e�Ún�Ñ
'u¦È¼êÈ©�¤¢HölderØ�ª. ù

�Ø�ª3¼ê�mnØ¥kX­��¿Â.
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Ún1. (HölderØ�ª)

� p, q > 1, 1
p + 1

q = 1. Ké?¿ f ∈ Lp[a, b], g ∈ Lq[a, b],Ñ
k fg ∈ L1[a, b], ¿�¤á∫ b

a
|f (t)g(t)|dt ≤ ‖f‖p‖g‖q. (9)

♦ ¦^Xeþ�Ø�ª��y fg ∈ L1[a, b]:

A
1
p B

1
q ≤ 1

p
A + 1

q
B

Ù¥, AÚB�?¿�ê, p, q > 1� 1
p + 1

q = 1.

♦ ¦^LebesgueÈ©�5���yØ�ª(9).
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HölderØ�ª�y²

� ‖f‖p‖g‖q = 0 �, 7k f (t)g(t) = 0 a.e.u[a, b], l
Ø�
ª(9)¤á. e¡�Ä ‖f‖p‖g‖q > 0 ��/. d�7k ‖f‖p > 0,

‖g‖q > 0. ½Â [a, b]þ�¼ê ϕ(t)Ú ψ(t)Xe:

ϕ(t) = f (t)
‖f‖p

, ψ(t) = g(t)
‖g‖q

.

w, ϕψ ∈ L1[a, b]. d	·��k

1
‖f‖p‖g‖q

∫ b

a
|f (t)g(t)|dt =

∫ b

a
|ϕ(t)ψ(t)|dt

≤ 1
p

∫ b

a
|ϕ(t)|pdt + 1

q

∫ b

a
|ψ(t)|pdt = 1.

dd��Ø�ª(9).
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Ún2. (MinkowskiØ�ª)

� p ≥ 1, f , g ∈ Lp[a, b], K f + g ∈ Lp[a, b],¿�

‖f + g‖p ≤ ‖f‖p + ‖g‖p. (10)

♦ Lp[a, b]é\{�µ45®3c¡���y.

♦ � p = 1�,����yØ�ª(10).

♦ � p > 1�,�|^HölderØ�ªÚe�Ø�ªí�ÑØ

�ª(10):

|a + b|p ≤ |a||a + b|p−1 + |b||a + b|p−1.
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½n1

e p ≥ 1, KLp[a, b]'uLp-�ê ‖ · ‖p�¤��D��5�

m. Ù¥ ‖ · ‖p�½Â�(8)ª.

♦ �I�y ‖ · ‖p÷v�ê½Â¥�n�^�.Ù¢,�½5

^�Ú�àg5^�w,÷v, 
dMinkowski Ø�ª��n�

Ø�ª^��÷v.

½n2

e p ≥ 1,KLp[a, b]'uLp-�ê ‖ · ‖p�¤��Banach�m.

♦ I��y: e {fn}´Lp[a, b]¥�Chauchy�,K {fn}��
êÂñuLp[a, b]¥�,��� f . y²¥^��Ì�óä´'

uLebesgueÈ©�FatouÚn.

13 / 22



y²�1�Ú

d {fn}´Chauchy��á5�±í��3f� {fnk}÷v

‖fnk+1 − fnk‖p ≤
1
2k , k ≥ 1.

l
 ∫ b

a

∞∑
k=1

|fnk+1(t)− fnk(t)|dt ≤
∞∑

k=1

M‖fnk+1 − fnk‖p ≤ M,

Ù¥M = (b− a)
p−1

p (� p > 1�)½ M = 1 (� p > 1�). ù¿�

X
∞∑

k=1

|fnk+1(t)− fnk(t)| <∞, a.e.u [a, b].

14 / 22



y²�1�Ú

d1�Ú�(Ø�, {fnk(t)}a.e.Âñ���ÿ¼ê f (t). q
� k ≥ 2�k

‖fnk‖p ≤
k−1∑
j=1

‖fnj+1 − fnj‖p + ‖fn1‖p ≤ 1 + ‖fn1‖p.

¤± ∫ b

a
|fnk(t)|pdt ≤

(
1 + ‖fn1‖p

)p
, k ≥ 2.

Ï fnk(t)→ f (t) a.e.,�¦^FatouÚn��∫ b

a
|f (t)|pdt ≤

(
1 + ‖fn1‖p

)p
.

ù`² f ∈ Lp[a, b].

15 / 22



y²�1nÚ

∀ ε > 0,Ï {fn}´Chauchy�,��3N ≥ 1,�m, n > N�,

k ∫ b

a
|fm(t)− fn(t)|pdt = ‖fm − fn‖p

p < εp.

AO/,�m, k > N�,k∫ b

a
|fm(t)− fnk(t)|pdt < εp.

- k→∞¿¦^FatouÚn�

‖fm − f‖p
p =

∫ b

a
|fm(t)− f (t)|pdt ≤ εp, m > N.

�� {fn}��êÂñu f .

16 / 22



C[a, b]'uLp-�ê���z

C[a, b]´Lp[a, b]��f�m, �Ø´4f�m. dd��,

C[a, b]'uLp-�ê ‖ · ‖p��¤D��5�m,�¿Ø��.

,
�±y²: C[a, b]'uLp-�ê ‖ · ‖p���zÒ´ p-�

�È¼ê�mLp[a, b].

~5. p-��Úê��m lp

aquLp[a, b]��/,éu x = (ξ1, ξ2, ξ3 · · · ) ∈ lp,e½Â

‖x‖p =
( ∞∑

k=1

|ξk|p
) 1

p
, (11)

K�y² lp'u ‖ · ‖p�¤��D��5�m,¿�ØJ�yT�

m�´���.
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e¡,·�?Øk��D��5�m�,
ÕA5�.

½n3

�X´�� n�D��5�m, {e1, e2, · · · , en}´Ù��Ä,

K�3�~êMÚM′,¦�é��

x =
n∑

k=1

ξkek ∈ X,

¤á

M‖x‖ ≤
( n∑

k=1

|ξk|2
) 1

2 ≤ M′‖x‖. (12)

T½n�y²^�
îª�mü ¥¡�;5.
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y²

w,k

‖x‖ ≤
∥∥∥ n∑

k=1

ξkek

∥∥∥ ≤ ( n∑
k=1

|ξk|2
) 1

2
( n∑

k=1

‖ek‖2
) 1

2
.

dd�

M‖x‖ ≤
( n∑

k=1

|ξk|2
) 1

2
.

Ù¥M =
(∑n

k=1 ‖ek‖2)−1/2. e¡�ÄRnþ�¼ê f (u):

f (u) =
∥∥∥ n∑

k=1

ξkek

∥∥∥, u = (ξ1, ξ2, · · · , ξn) ∈ Rn.
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y²(Y)

� u = (ξ1, ξ2, · · · , ξn), v = (η1, η2, · · · , ηn) ∈ Rn,K

|f (u)− f (v)| ≤
( n∑

k=1

‖ek‖2
) 1

2 ‖u− v‖.

�� f (u)´Rnþ�ëY¼ê, Ï
3Rn�ü ¥¡þ����

� c0. ´� c0 > 0.

� u ∈ Rn (Ø�� u 6= 0). e- u0 = u/‖u‖, K u0áuRn�

ü ¥¡,l
k

‖x‖
‖u‖

= f (u)
‖u‖

= f
( u
‖u‖

)
≥ c0.
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y²(Y)

dd¿5¿� ‖u‖ =
(∑n

k=1 ‖ξk‖2)1/2
�

( n∑
k=1

|ξk|2
) 1

2 ≤ M′‖x‖

Ù¥M′ = 1/c0.

íØ1

�X´��k���5�m. e ‖ · ‖Ú ‖ · ‖1´Xþ�ü��

ê,K7k~êM, M′ > 0,¦�

M‖x‖ ≤ ‖x‖1 ≤ M′‖x‖, x ∈ X. (13)

=�ê ‖ · ‖Ú ‖ · ‖1�d.
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½Â2

� (X, ‖ · ‖X)Ú (Y, ‖ · ‖Y)´ü�D��5�m. e�3�5

V�T : X 7→ YÚ�êM, M′÷v

M‖x‖X ≤ ‖Tx‖Y ≤ M′‖x‖X, x ∈ X, (14)

K¡ (X, ‖ · ‖X)� (Y, ‖ · ‖Y)ÿÀÓ�.

d½n3á�Xe'uk��D��5�m�ÿÀÓ�Ä�

(Ø.

íØ2

eX´��k��D��5�m, KX7�Ó�ê�î¼�

mÿÀÓ�. �Ó�ê�k��D��5�m*dÿÀÓ�.
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