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Chap 7 Ýþ�mÚD��5�m

§6 Ø N��n

�!, ·�0�Äu��5Vg����½n, =Banach

Ø N��n. T�näkõ�¡�A^, ´?nNõ�3��

5¯K(X�©�§,È©�§,�ê�§�)�kåóä.

½Â1

� (X, d)´��Ýþ�m, T : X → X ´��N�. XJ�3

�ê θ ∈ (0, 1),¦�éu�� x, y ∈ X,Ñk

d(Tx,Ty) ≤ θd(x, y),

K¡ T ´ X þ���Ø N�,Ù¥ θ ¡�Ø Xê.
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♣ Ø N��AÛ¿Â´w´��: : x, y²LØ N� T

�^�,§����m�ål á
,Ø�L d(x, y)� θ �.

½n1 (BanachØ N��n)

� (X, d) ´�����Ýþ�m, T : X → X ´��Ø N

�,K�3�����: x∗ ∈ X ÷v Tx∗ = x∗.

♣ ÷v'X Tx = x�: x��N� T �ØÄ: (fixed point).

♣ BanachØ N��n�¿Â3u§�«
Xe¯¢: 3��

�Ýþ�m¥,��Ø N�k�=k��ØÄ:.
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½n1y²

� T �Ø Xê� θ, = θ ÷v d(Tx,Ty) ≤ θd(x, y). �
x0 ∈ X,¿- xn = Txn−1, n = 1, 2, · · · .

ey {xn}´ X ¥�Cauchy:�. Ù¢,¦^8B{�±��

d
(
xk−1, xk

)
=d

(
Txk−2,Txk−1

)
≤θ d

(
xk−2, xk−1

)
≤· · ·≤θk−1d

(
x0, x1

)
.

dd�,éu?¿ m, n ≥ 1 (Ø�� m < n),k

d
(
xm, xn

)
≤ d

(
xm, xm+1

)
+ d

(
xm+1, xm+2

)
+ · · ·+ d

(
xn−1, xn

)
≤

(
θm + θm+1 + · · ·+ θn−1)

d
(
x0, x1

)
≤ θm

1− θ
d

(
x0, x1

)
.
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½n1y²

þãØ�ªL² {xn}´ X ¥���Cauchy:�. qdu X ��,

¤± {xn}´ X ¥�Âñ:�,=�3 x∗ ∈ X ¦ xn → x∗.

ey x∗ ´ T �ØÄ:. dØ ^� d(Tx,Ty) ≤ θd(x, y)�±
wÑ, T ´ X þ�ëYN�. u´d'Xª xn = Txn−1 ÏL�4

��±�� x∗ = Tx∗,= x∗ ´ T �ØÄ:.

���y x∗ ´ T ���ØÄ:. Ù¢, XJ x′ ∈ X ÷v

Tx′ = x′,K

d(x∗, x′) = d(Tx∗,Tx′) ≤ θ d(x∗, x′).

Ï 0 < θ < 1, � d(x∗, x′) = 0, l x∗ = x′. ùL² x∗ ´ T ��

�ØÄ:.
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Ø N��n3�©�§!È©�§Ú�ê�§�)��3

��5¯K±9Nõ©Û¯K¥Ñk��A^. ��«~, e

¡�ÑÛ¼ê½n�Ø N��ny{.

Û¼ê½n

�¼ê F(x, y)3«� D={(x, y) | a ≤ x ≤ b, y ∈ R}þëY,

¿�??k'u y� �ê F′y(x, y). XJ�3~ê mÚ M ÷v

0 < m < M,¿�¦� m ≤ F′y(x, y) ≤ M , ∀ (x, y) ∈ D, K3«m

[a, b]þk�����ëY¼ê y = ϕ(x)÷v

F
(
x, ϕ(x)

)
= 0, ∀ x ∈ [a, b].

ùp [a, b]´���½�4«m� a < b.
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Û¼ê½n�Ø N��ny{

�ëY¼ê�m
(
C[a, b], d

)
,Ù¥ d ����ål. éuz�

ϕ ∈ C[a, b],± fϕ L«Xe¼ê

fϕ(x) = ϕ(x)− 1
M

F
(
x, ϕ(x)

)
, x ∈ [a, b],

´� fϕ ∈ C[a, b]. y½ÂN� T : C[a, b]→ C[a, b]Xe: Tϕ = fϕ,

ϕ ∈ C[a, b].
·�òy² T : C[a, b]→ C[a, b]´��Ø N�. Ù¢,XJ

ϕ1, ϕ2 ∈ C[a, b],Kd�©¥�½n��

|fϕ1(x)− fϕ2(x)| ≤
(
1− m

M
)
|ϕ1(x)− ϕ2(x)|, x ∈ [a, b],

dª%¹X d
(
Tϕ1,Tϕ2

)
≤

(
1− m

M

)
d(ϕ1, ϕ2).
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Û¼ê½n�Ø N��ny{

du 0 < m < M,¤± 0 < 1− m
M < 1,u´(Ü¤�Ø�ª

d
(
Tϕ1,Tϕ2

)
≤

(
1− m

M
)
d(ϕ1, ϕ2), ∀ϕ1, ϕ2 ∈ C[a, b]

B� T : C[a, b] → C[a, b] ´��Ø N�. qÏ
(
C[a, b], d

)
´�

��Ýþ�m, l(�âØ N��n)�3��� ϕ ∈ C[a, b]
÷v Tϕ = ϕ,=

ϕ(x)− 1
M

F
(
x, ϕ(x)

)
= ϕ(x), ∀ x ∈ [a, b],

�du

F
(
x, ϕ(x)

)
= 0, ∀ x ∈ [a, b].
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