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Chap 7 Ýþ�mÚD��5�m

§4 ��Ýþ�m

�!, ·��	�aÝþ�m��Óá5 – ��5. £�,

éuÝþ�m (X, d) ¥���:� {xn}, XJ�3 x ∈ X, ¦�

xn → x,K¡ {xn}´ (X, d)¥�Âñ:�,{¡3 (X, d)¥Âñ.

½Â1

� (X, d) ´��Ýþ�m. ¡ X ¥�:� {xn} �Cauchy:

�½Ä�:�XJé?¿ ε > 0,�3 N = N(ε),¦�� m, n > N

�,7k d(xm, xn) < ε.

♣ ´y,Ýþ�m (X, d)¥�z��Âñ:�Ñ´Cauchy:�.

2 / 15



3��Ýþ�m¥, Cauchy:��7Ñ´Âñ:�. ù��

Xe��5�Vg.

½Â2

XJÝþ�m (X, d) ¥�z�Cauchy:�Ñ´ (X, d) ¥�
Âñ:�,K¡ (X, d)´�����Ýþ�m,{¡ X ��.

♣ îª�m Rd ´�����Ýþ�m, Ù¥ d ≥ 1 ���ê.

AO�, 1-�îª�m R´���Ýþ�m(d=¢ê���5).

♣ knê8 QUýé�ål�¤��Ýþ�m, �´ù��m

Ø´���.
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~1

l∞ ´�����Ýþ�m.

Ù¢,XJ {xn}´ l∞ ¥���Cauchy:�,K ∀ k ≥ 1,k

|ξ(m)
k − ξ(n)

k | ≤ d(xm, xn), m, n ≥ 1,

Ù¥ xn =
(
ξ

(n)
1 , ξ

(n)
2 , · · · , ξ(n)

k , · · · )�©þL«. dd��,éz�

k ≥ 1,ê� {ξ(n)
k }n≥1 ´��Cauchyê�,l
Âñ. -

x =
(
ξ1, ξ2, · · · , ξk, · · · ),

Ù¥ ξk = limn→∞ ξ
(n)
k . ey x ∈ l∞ � xn → x.
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Äk,� N0 ≥ 1,¦ d(xm, xn) < 1, ∀m, n > N0. u´k

∣∣ξ(n)
k

∣∣ ≤ d(xn, xN0+1) +
∣∣ξ(N0+1)

k

∣∣ ≤ 1 + M, ∀ n > N0, ∀ k ≥ 1,

Ù¥ M = supk≥1
∣∣ξ(N0+1)

k

∣∣. - n→∞�
∣∣ξk
∣∣ ≤ 1 + M, ∀ k ≥ 1,`

² x ∈ l∞.

Ùg, ∀ ε > 0, Ï {xn} ´Cauchy:�, � ∃N ≥ 1, ¦�

d(xm, xn) < ε, ∀m, n > N;dd�

∣∣ξ(m)
k − ξ(n)

k

∣∣ < ε, ∀m, n > N, ∀ k ≥ 1;

- n→∞�
∣∣ξ(m)

k − ξk
∣∣ ≤ ε, ∀m > N, ∀ k ≥ 1;'u�I k ≥ 1�

þ(.� d(xm, x) = supk≥1
∣∣ξ(m)

k − ξk
∣∣ ≤ ε, ∀m > N. l
y²


xn → x.
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� M ´Ýþ�m (X, d) �����f8, K d 3 M þ�

��, EP� d, ´ M þ���ål(=÷vålnún). Ï


(M, d)�¤��Ýþ�m,¡�� (X, d)�f�m.

e��½n�Ñ�^��^5�B/�äÝþ�mf�m�

��5.

½n1

� (X, d) ´�����Ýþ�m, M ⊂ X �����f8.

Kf�m (M, d)���¿©7�^�´ M � X ¥�48.

♣ �5¿½n¥�cJ^�: (X, d)´�����Ýþ�m.
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± C L«�NÂñ�¢(½E)ê��¤�8Ü.3 C þÚ\

Xe��¼ê:

d(x, y) = sup
k≥1
|ξk − ηk|, x = {ξk}, y = {ηk} ∈ C.

N´�y (C, d)�¤��Ýþ�m.

~2

þã (C, d)´�����Ýþ�m

Ù¢ C ⊂ l∞,l
 (C, d)´ (l∞, d)�f�m. �â½n1,�

I�y C´ l∞ �48,= C ⊂ C,Ù¥ C� C3 l∞ ¥�4�.
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� x ∈ C, y x ∈ C. � {xn} ⊂ C¦� d(xn, x)→ 0. P

xn =
(
ξ

(n)
1 , ξ

(n)
2 , · · · , ξ(n)

k , · · ·
)
, x =

(
ξ1, ξ2, · · · , ξk, · · ·

)
.

∀ ε > 0,Ï d(xn, x)→ 0,� ∃N ≥ 1,¦� d(xN , x) < ε
3 ;qdu

xN =
(
ξ

(N)
1 , ξ

(N)
2 , · · · , ξ(N)

k , · · ·
)
∈ C,

¤± {ξ(N)
k }k≥1 ´Cauchyê�,l
 ∃K ≥ 1¦�é�� i, j > K,

k
∣∣ξ(N)

i − ξ(N)
j
∣∣ < ε

3 ;u´,é�� i, j > K,k

∣∣ξi − ξj
∣∣ ≤ ∣∣ξi − ξ(N)

i
∣∣+ ∣∣ξ(N)

i − ξ(N)
j
∣∣+ ∣∣ξ(N)

j − ξj
∣∣ < ε.

ù`² {ξk}k≥1 ´Âñê�,l
 x ∈ C. o� C ⊂ C.
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Diagram of the Relationships between xN and x

xN =
(
ξ

(N)
1 , · · · , ξ

(N)
K , · · · , ξ

(N)
i , · · · , ξ

(N)
j , · · ·

)
...

xm =
(
ξ

(m)
1 , · · · , ξ

(m)
K , · · · , ξ

(m)
i , · · · , ξ

(m)
j , · · ·

)
...

xn =
(
ξ

(n)
1 , · · · , ξ

(n)
K , · · · , ξ

(n)
i , · · · , ξ

(n)
j , · · ·

)
...

x =
(
ξ1, · · · , ξK , · · · , ξi, · · · , ξj, · · ·

)

Ù¥ N ≤ m < n, K ≤ i < j.
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~3

C[a, b]´�����Ýþ�m

y²: � {xn} ´ C[a, b] ¥���Cauchy:�,  y {xn} 3
C[a, b]¥Âñ. éz� t ∈ [a, b],Ï

|xm(t)− xn(t)| ≤ max
a≤s≤b

|xm(s)− xn(s)| = d(xm, xn), m, n ≥ 1,

� {xn(t)}´��Cauchyê�,l
Âñ. y½Â¼ê x(t)Xe:

x(t) = lim
n→∞

xn(t), t ∈ [a, b].

ey x ∈ C[a, b]� d(xn, x)→ 0.

10 / 15



∀ ε > 0,Ï {xn}�Cauchy:�,� ∃N ≥ 1,¦� ∀m, n > N,

¤á d(xm, xn) < ε;dd�

|xm(t)− xn(t)| < ε, ∀ t ∈ [a, b], ∀m, n > N;

- n→∞�

|xm(t)− x(t)| ≤ ε, ∀ t ∈ [a, b], ∀m > N.

ù`²¼ê� {xn(t)} 3 [a, b] þ��Âñu¼ê x(t). l
 x(t)
ëY,= x ∈ C[a, b].
­EþãL§, ·���±y² d(xn, x) → 0. nþ, {xn} 3

C[a, b]¥Âñ.
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~4

� P[a, b]L«4«m [a, b]þ�N¢Xêõ�ª�¤�8Ü.

� P[a, b]D±���ål,K P[a, b]´��Ýþ�m,�Ø��.

Ù¢, þã P[a, b]´ C[a, b]���f�m. �â½n1, Ýþ

�m P[a, b]���¿�^�´: P[a, b]´ C[a, b]�48.

�±y²: �3õ�ªS� {Pn(t)} 3 [a, b] þ��Âñu
���õ�ªëY¼ê f (t). d=: �3:� {Pn} ⊂ P[a, b] Ú:
f ∈ C[a, b], ¦ Pn → f , � f /∈ P[a, b]. ù`² P[a, b] Ø´ C[a, b]
�48,l
Ýþ�m P[a, b]Ø��.
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� X L«4«m [0, 1] þ��NëY¼ê�¤�8Ü. 3 X

þÚ\Xe��¼ê:

d(x, y) =
∫ 1

0
|x(t)− y(t)|dt, x, y ∈ X.

N´�y (X, d)�¤��Ýþ�m.

~5

þãÝþ�m (X, d)Ø��.

·�I�y²: �3 (X, d) ¥���Cauchy:�, T:�3

(X, d)¥ØÂñ.
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½Â«m [0, 1]þ�¼êS� {xn(t)}Xe:

xn(t) =


1, 1

2 + 1
n ≤ t ≤ 1;

n(t − 1
2), 1

2 < t < 1
2 + 1

n ;

0, 0 ≤ t ≤ 1
2 .

w, {xn(t)}´ [0, 1]þ���ëY¼ê,= {xn} ⊂ X. ´�,� m,

n ≥ 1�(Ø�� m < n),k

d(xm, xn) =
∫ 1

2 + 1
m

1
2

|xm(t)− xn(t)|dt ≤ 1
m
.

l
 {xn} ´ (X, d) ¥���Cauchy:�. e¡`², :� {xn}
3 (X, d)¥ØÂñ.
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^�y{. �� {xn} 3 (X, d) ¥Âñ, K�3 x ∈ X ¦�

d(xn, x)→ 0. ,


d(xn, x) =
∫ 1

2

0
|x(t)|dt +

∫ 1
2 + 1

n

1
2

|xn(t)− x(t)|dt +
∫ 1

1
2 + 1

n

|1− x(t)|dt,

�ª¥
∫ 1

2 + 1
n

1
2
|xn(t) − x(t)|dt ≤ 1

n(1 + max0≤t≤1 |x(t)|) → 0, �-

n→∞�� 0 =
∫ 1

2
0 |x(t)|dt +

∫ 1
1
2
|1− x(t)|dt,dª¿�X

∫ 1
2

0
|x(t)|dt = 0,

∫ 1

1
2

|1− x(t)|dt = 0.

þª¿�X limt→ 1
2−0 x(t) = 0 6= 1 = limt→ 1

2 +0 x(t). gñ!
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