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Chap 7 Ýþ�mÚD��5�m

§2 Ýþ�m¥�4�9Ù§ÿÀVg

aquî¼�m��/,Ýþ�m¥�±Ú?�«ÿÀVg.

±e,XÃAO`²,·�ob½ (X, d)´���½�Ýþ�m.

ε-��

� x0 ∈ X �Ýþ�m (X, d)¥��:, ε > 0����ê. ½

Â

U(x0, ε) = { x ∈ X | d(x, x0) < ε }.

¡��± x0 �¥%! ε ��»�m¥, ��¡��: x0� ε-�

�.
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Ó�/,��±Ú?S:!	:!>.:Úà:,±9�8!

4�!m8�Vg.

~. S:�½Â

� M ⊂ X �Ýþ�m X ���f8, x0 ∈ X � X ¥��:.

XJ�3 ε > 0¦� U(x0, ε) ⊂ M,K¡: x0 �:8 M �S:.

~. m8�½Â

� M ⊂ X �Ýþ�m X ���f8. ¡ M �m8XJ M �

z�:Ñ´§�S:.

�âù�½Â,��Ýþ�m X �f8,�8 ∅´��m8.
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~. 4��½Â

� {xn}´Ýþ�m X ¥���:�. XJ�3 x ∈ X,¦�

lim
n→∞

d(xn, x) = 0,

K¡:� {xn}� X ¥�Âñ:�({¡3¥ X Âñ),¿ x¡�:

� {xn}�4�,P� xn → x.

~. k.8�½Â

� M ⊂ X,= M ´Ýþ�m X ���f8. e

δ(M) 4= sup{d(x, y) | x, y ∈ M} <∞,

K¡ M �Ýþ�m X ¥�k.8,Ù¥ δ(M)¡� M ��».
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♠ :8 M ⊂ X ´k.8�¿©7�^�´�3 x0 ∈ X, ε > 0

¦ M ⊂ U(x0, ε).

♠ e {xn} ´Ýþ�m X ¥�Âñ:�, K {xn} �¤�:8´
´ X ¥�k.8.

♠ I�5¿�´,3��Ýþ�m¥k.:��7´Âñ�.

♠ 48�½Â��´/Ïuà:�Vg�Ñ�. 3Ýþ�m¥

��±|^:��Ñ48�½Â

~. 48�©Û½Â

:8 M ⊂ X �48�¿©7�^�´e {xn} ⊂ M �

xn → x,K x ∈ M.
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XÓÝþ�m����, Ýþ�m¥:��Âñ´��pÝ

Ä��Vg. 3äN�m¥,:��Âñ  äkÙäN¿Â.

îª�m¥Âñ�äN¿Â

� Rd � d-�îª�m, {xn} ´Ù¥���:�, x ∈ Rd. N

´�y: :� {xn}UîªålÂñu x ⇐⇒ éuz� 1 ≤ k ≤ d,

k ξ
(n)
k → ξk (n→∞),Ù¥

xn =
(
ξ

(n)
1 , ξ

(2)
2 , · · · , ξ(n)

d
)
, x =

(
ξ1, ξ2, · · · , ξd

)
.

��,îª�m¥:��Âñ�duU�I(½©þ)�Âñ.
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C[a, b]�m¥Âñ�äN¿Â

� {xn}´ C[a, b]¥���:�, x ∈ C[a, b]. N´�y: :�

{xn} U C[a, b] ¥����ålÂñu x ⇐⇒ ¼ê� {xn(t)} 3
[a, b]þ��Âñu¼ê x(t).

♣ ¼ê� {xn(t)}3 [a, b]þ��Âñu¼ê x(t)´�: ∀ ε > 0,

∃N ≥ 1¦�é�� n > N Ú�� t ∈ [a, b]¤á

|xn(t)− x(t)| < ε.

(ë�êÆ©Û�á)
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S��m S¥Âñ�äN¿Â

� {xn}´S��m S¥���:�, x ∈ S. K:� {xn}U S

¥�ålÂñu x ⇐⇒ {xn}U�I(½©þ)Âñu x,=éuz

� k ≥ 1,k ξ
(n)
k → ξk (n→∞),Ù¥

xn =
(
ξ

(n)
1 , ξ

(2)
2 , · · · , ξ(n)

k , · · ·
)
, x =

(
ξ1, ξ2, · · · , ξk, · · ·

)
.

♣ �y²þã(Ø, ·�I�|^Xe'uê�Âñ5���

k^(J:ê� {an}Âñuê a�¿©7�^�´ |an−a|
1+|an−a| → 0.

(�gy!)
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� X ⊂ Rd ´�����L�ÿ8,¿� m(X) <∞. ±M(X)
L«½Â3 X þ��N¢�L�ÿ¼ê�¤�8Ü, ¿D±Xc

�!¤«�ål.

M(X)¥Âñ�äN¿Â

� {fn} ´�ÿ¼ê�mM(X) ¥���:�, f ∈ M(X). K
:� {fn} UM(X) ¥�ålÂñu f ⇐⇒ ¼ê� {fn} 3 X þ

�ÿÝÂñu¼ê f ,=: ∀σ > 0,k

lim
n→∞

m
(
X[|fn − f | ≥ σ]

)
= 0.
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y²þã(Ø, I�Xe'u�ÿ¼ê�LÈ©�ü�­�

Ø�ª.

Ún

� X ⊂ Rd ´�����L�ÿ8, ¿� m(X) < ∞. e f ,

g ∈M(X)§Ké?¿ σ > 0¤á:

∫
X

|f (t)− g(t)|
1 + |f (t)− g(t)|dt ≤ m

(
X[|f − g| ≥ σ]

)
+ σ

1 + σ
m(X),

m
(
X[|f − g| ≥ σ]

)
≤ 1 + σ

σ

∫
X

|f (t)− g(t)|
1 + |f (t)− g(t)|dt.
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lþã~f�±w�, ¦+Nõ«Âñ�äN�ªÚ¿ÂØ

Ó, ��·�Ú\·��ål�, Ñ�±Ú�3Ýþ�m¥�Â

ñµe�S.

�
�\�«Ýþ�m�ÿÀá5, ·�e¡Ú\:8�È

�5VgÚ�©5Vg.

½Â

� M, E ´Ýþ�m X �ü�f8. e M �4�¹ E, =

M ⊃ E,K¡:8 M 3:8 E ¥È�.

e M 3Ýþ�m X ¥È�,K¡ M � X �È�f8.

eÝþ�m X k��È�f8,K¡ X ´�©�.
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~1

îª�m Rd ´�©�. Ù¢, Rd ¥��Nkn:�¤�:

8 Qd Ò´ Rd ����êÈ�f8.

♣ ��: x ∈ Rd ¡�kn:XJ§�z��IÑ´knê.

~2

lÑÝþ�m X �©�¿©7�^�´ X ��´�ê8Ü.

Ù¢, X �z�f8Ñ´48,Ï
 X �È�f8�kÙ��. d

d��, X �©�¿©7�^�´ X ��´�ê8.

12 / 13



~3 l∞ �Ø�©5

± l∞ L«�Nk.¢(½E)ê��¤�8Ü. 3 l∞ ¥�±

Ú?Xeål¦�¤�Ýþ�m:

d(x, y) = sup
k≥1
|ξk − ηk|,

Ù¥ x, y ∈ l∞ �©þL«Xe

x = (ξ1, ξ2, · · · , ξk, · · · ), y = (η1, η2, · · · , ηk, · · · ).

(Ø:Ýþ�m l∞ ´Ø�©�.
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