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Chap 7 Ýþ�mÚD��5�m

§1 Ýþ�m

4�´êÆ©Û¥�Ä�Vg��. �!·�òÐ«4�V

g�±í2�����(�,=Ýþ�m(metric space).

½Â1

� X ����8Ü, d = d(·, ·)´ X þ�����¼ê. e d

÷v: é?¿ x, y, z ∈ X,¤á

1 �½5: d(x, y) ≥ 0¿� d(x, y) = 0��=� x = y;

2 é¡5: d(x, y) = d(y, x);
3 n�Ø�ª: d(x, y) ≤ d(x, z) + d(z, y),

K¡ d = d(·, ·)´ X þ���ål,¿¡ (X, d)�Ýþ�m.
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♠ Ýþ�m�¡�ål�m,Ù��Ï~��:. � x, y´Ýþ

�m (X, d)¥�ü�:,K¡ d(x, y)� x� y�m�ål.

♠ ½Â1¥�^�1!^�2Ú^�3~¡�ålnún, Ù¥^

�2Ú^�3��^e��^�5�O:

d(x, y) ≤ d(x, z) + d(y, z), ∀ x, y, z ∈ X.

♠ 3 Rd ¥,Xe½Â���¼ê´��ål(¡�î¼ål):

d(x, y) =
√

(s1 − t1)2 + (s2 − t2)2 + · · ·+ (sd − td)2,

Ù¥ x = (s1, s2, · · · , sd), y = (t1, t2, · · · , td) ∈ Rd.
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~1 lÑÝþ�m

� X ����8Ü,½Â X þ���¼ê d = d(·, ·)Xe:

d(x, y) =

 1, �x 6= y;

0, �x = y.

Ù¥ x, y ∈ X. N´�y d = d(·, ·) ´ X þ���ål(=÷v½

Â1¥�n�^�),l
 (X, d)�¤��Ýþ�m(¡�lÑÝþ

�m).

d~L², ?¿��8Üþo�±½Â��ål, ¦�¤�

��Ýþ�m. ���Ñ�´, lÑÝþ�m�z��f8Ñ´

§�m8. ù��Ýþ�m¿Ãõ�¢S^?.
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~2 S��m S

� S L«�N¢êê��¤�8Ü(½�NEêê��¤�

8Ü),½Â Sþ���¼ê d = d(·, ·)Xe:

d(x, y) =
∞∑

k=1

1
2k
|ξk − ηk|

1 + |ξk − ηk|
, x, y ∈ S,

Ù¥ x = (ξ1, ξ2, · · · , ξk, · · · ), y = (η1, η2, · · · , ηk, · · · ).K d ´ Sþ

���ål,l
 (S, d)�¤��Ýþ�m,¡�S��m.

Ù¢, d(·, ·)w,÷v�½5^�Úé¡5^�(=½Â1¥�

^�1Ú^�2). e¡�y§�÷vn�Ø�ª, �d·�Äky

²��©ªØ�ª.
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Ún ©ª.ýé�Ø�ª

|a + b|
1 + |a + b|

≤ |a|
1 + |a| + |b|

1 + |b|

Ù¥ a, b�?¿ü�Eê.

Ù¢,¼ê f (t) = t
1+t ´«m [0,∞)þ���O¼ê(�g1

�y!). du |a + b| ≤ |a|+ |b|,¤±

|a + b|
1 + |a + b|

≤ |a|+ |b|
1 + |a|+ |b|

= |a|
1 + |a|+ |b| + |b|

1 + |a|+ |b| ≤
|a|

1 + |a| + |b|
1 + |b| .
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y3� x, y, z ∈ S¿�

x = (ξ1, ξ2, · · · , ξk, · · · ),
y = (η1, η2, · · · , ηk, · · · ),
z = (ζ1, ζ2, · · · , ζk, · · · ).

KdØ�ª |a+b|
1+|a+b| ≤

|a|
1+|a| + |b|

1+|b| ��

|ξk − ηk|
1 + |ξk − ηk|

= |(ξk − ζk) + (ζk − ηk)|
1 + |(ξk − ζk) + (ζk − ηk)|

≤ |ξk − ζk|
1 + |ξk − ζk|

+ |ζk − ηk|
1 + |ζk − ηk|

,

Ù¥ k = 1, 2, · · · .
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�þãØ�ªüà©O¦±Ïf 1
2k ,�¦Ú�

∞∑
k=1

1
2k
|ξk − ηk|

1 + |ξk − ηk|
≤
∞∑

k=1

1
2k
|ξk − ζk|

1 + |ξk − ζk|
+
∞∑

k=1

1
2k
|ζk − ηk|

1 + |ζk − ηk|
,

=

d(x, y) ≤ d(x, z) + d(z, y).

ù�·�B�y
þã (S, d)´��Ýþ�m.

♠ k��´,3S��m (S, d)þo¤á

d(x, y) ≤ 1, ∀ x, y ∈ S.

ùL²S��m (S, d)��´k.�(��¡Ù!�k'?Ø).
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~3 k.¼ê�m B(Ω)
� Ω´����8Ü,± B(Ω)L« Ωþ��N¢�¼ê(½

E�¼ê)�¤�8Ü.½Â B(Ω)þ���¼ê d = d(·, ·)Xe:

d(f , g) = sup
ω∈Ω
|f (ω)− g(ω)|, f , g ∈ B(Ω).

K d ´ B(Ω) þ���ål, l
 (B(Ω), d) �¤��Ýþ�m,

¡�k.¼ê�m.

|^þ(.�5�N´wÑ, d äk�½5Úé¡5,(Üý

é�(½�)�5��?�ÚwÑ d ÷vn�Ø�ª.

♠ � Ω = [a, b]�,·�ò B(Ω)UP�B[a, b].
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~4 �ÿ¼ê�mM(X)
� X ⊂ Rn ´�����L�ÿ8,¿� m(X) <∞. ±M(X)

L«½Â3 X þ��N¢�(½E�)L�ÿ¼ê�¤�8Ü.éu

f , g ∈ Rn,� f (t) = g(t) a.e.uX �,5½ f = g. 3M(X)þ½Â
Xe��¼ê:

d(f , g) =
∫

X

|f (t)− g(t)|
1 + |f (t)− g(t)|dt, f , g ∈M(X).

K d ´M(X)þ���ål, l
 (M(X), d)�¤��Ýþ�m,

¡��ÿ¼ê�m.

þã��¼ê d(·, ·) w,÷v�½5Úé¡5. |^Ø�ª
|a+b|

1+|a+b| ≤
|a|

1+|a| + |b|
1+|b| ��±y² d(·, ·)÷vn�Ø�ª.
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~5 C[a, b]�m
± C[a, b] L«½Â3«m [a, b] þ��N¢�(½E�)ëY

¼ê�¤�8Ü.3 C[a, b]þ½ÂXe��¼ê:

d(x, y) = max
a≤t≤b

|x(t)− y(t)|, x, y ∈ C[a, b].

K d´ C[a, b]þ���ål,l
 (C[a, b], d)�¤��Ýþ�m,

¡�ëY¼ê�m.

♠ ©z¥~rþãål�� C[a, b]þ����ål. �¡·�

ò¬w�, C[a, b] þ��±Ú?Ù§/ª�­�ål, XÍ¶�

Lp ål.
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� x = {xk}´��¢êê�. ¡ x = {xk}´²��Ú�XJ
Ù²�Úk�,=

∑∞
k=1 x2

k <∞.

~6 l2 �m

± l2 L«�N²��Ú�¢êê��¤�8Ü.3 l2 þ½Â

��¼ê d = d(·, ·)Xe:

d(x, y) =
{ ∞∑

k=1

(xk − yk)2

} 1
2

.

Ù¥ x = {xk}, y = {yk} ∈ l2. K d´ l2 þ���ål,l
 (l2, d)
�¤��Ýþ�m,¡� l2 �m.
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��yn�Ø�ª. �d� x = {xk}, y = {yk}, z = {zk} ∈ l2.

éu n ≥ 1,± d(n) L« Rn þ�î¼ål,¿��

x(n) = (x1, x2, · · · , xn), y(n) = (y1, y2, · · · , yn), z(n) = (z1, z2, · · · , zn),

K x(n), y(n), z(n) ∈ Rn,l
k

d(n)(x(n), y(n)) ≤ d(n)(x(n), z(n))+ d(n)(z(n), y(n)) ≤ d(x, z) + d(z, y).

- n→∞,¿�5¿� d(n)(x(n), y(n))→ d(x, y),B�

d(x, y) ≤ d(x, z) + d(z, y).

ù`² d ÷vn�Ø�ª.
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