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Chap 10 Banach�m¥�Ä�½n

§6 _�f½n

�!·�0�,��Ä�½n—_�f½n, ¿0��Ù�

'�Ù§­�·K.Äk��
7��O�.

D��5�m¥f8���Ú!�±9ê¦$�

� X ´D��5�m, A, B ⊂ X ´��f8, w ∈ X ��½

��þ, λ��½�ê. 5½:

1 A± B = { x± y | x ∈ A, y ∈ B },AO/ A± w = A± {w};
2 λA = {λx | x ∈ A }.

�©O¡ A + B, A− B, λA���Ú!���!ê¦.
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3D��5�m¥, f8���Ú!�±9ê¦$�kNõ

k��5�.

f8���Ú!�±9ê¦$��5�

� X, Y ´D��5�m, A, B ⊂ X ´��f8, x0, w ∈ X �

�½��þ, λ > 0��½�ê. Kk:

1 A + B ⊃ A + B, λA = λA, A + w = A + w;

2 U(x0, r) = U(x0,
1
2 r)± U(x0,

1
2 r),Ù¥ r > 0;

3 λU(x0, r) = U(λx0, λr), U(x0, r) + w = U(x0 + w, r);

4 AO/ U(x0, r) = rU(0, 1) + x0,Ù¥ r > 0;

5 � T : X 7→ Y ��5�f�,k T(A± B) = T(A)± T(B);

6 � T : X 7→ Y �k.�5�f�,k T
(
A
)
⊂ T(A).
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Ún1

� X Ú Y ´Banach�m, T : X 7→ Y ´��k.�5�f.

e T ´÷�,= T(X) = Y,K�3 δ > 0¦�

T
(
UX(0, 1)

)
⊃ UY(0, δ), (1)

= T
(
UX(0, 1)

)
± Y �m� 0�þ�S:.

y²

y²©nÚ?1. 1�Ú,·�y²�3 y0 ∈ Y Ú ε > 0¦

�

T
(
UX(0, 1

2)
)
⊃ UY(y0, ε). (2)
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y²(Y)

Ù¢

Y = T(X) =
∞⋃

k=1

T
(
UX(0, k)

)
.

du Y ��,¤±7k,� T
(
UX(0, k)

)
Ø´Ã?È�8,l
k

y1 ∈ Y Ú ε1 > 0 ¦� T
(
UX(0, k)

)
3 UY(y1, ε1) ¥È�, ù�d

u

T
(
UX(0, k)

)
⊃ UY(y1, ε1). (3)

P y0 = 1
2k y1, ε = 1

2k ε1,¿3(3)ªüàÓ¦± 1
2k B�(6)ª.

1�Ú,·�y²

T
(
UX(0, 1)

)
⊃ UY(0, ε). (4)
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y²(Y)

Ù¢,dúª UX(0, 1) = UX(0, 1
2)− UX(0, 1

2)��

T
(
UX(0, 1)

)
= T

(
UX(0, 1

2)− UX(0, 1
2)

)
= T

(
UX(0, 1

2)
)
− T

(
UX(0, 1

2)
)

⊃ T
(
UX(0, 1

2)
)
− T

(
UX(0, 1

2)
)

⊃ UY(y0, ε)− UY(y0, ε)

⊃ UY(y0, ε)− y0

= UY(0, ε).

í�¥^�
1�Ú����¹'X T
(
UX(0, 1

2)
)
⊃ UY(y0, ε).

6 / 11



y²(Y)

1nÚ, ·�y²�3 δ > 0 ¦�(6)ª¤á. Ù¢, 3(4)ª

üàÓ¦± 1
2n B���¹'XS�:

T
(
UX(0, 1

2n )
)
⊃ UY(0, ε

2n ), n ≥ 0. (5)

� y ∈ UY(0, ε). Kd(5)ª� y ∈ T
(
UX(0, 1)

)
, Ï
k x1 ∈

UX(0, 1)¦

‖y− Tx1‖ <
ε

2
, = y− Tx1 ∈ UY(0, ε

2).

�â(5)ª y− Tx1 ∈ T
(
UX(0, 1

2)
)
,Ï
k x2 ∈ UX(0, 1

2)¦

‖y− Tx1 − Tx2‖ <
ε

22 , = y− Tx1 − Tx2 ∈ UY(0, ε
22 ).
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y²(Y)

Ónk x3 ∈ UX(0, 1
22 )¦

‖y− Tx1 − Tx2 − Tx3‖ <
ε

23 .

· · · · · ·
Xde�,·��� X ¥��þS� {xn}÷v

1 xn ∈ UX(0, 1
2n−1 ), n ≥ 1;

2 ‖y−
∑n

k=1 Txk‖ < ε
2n , n ≥ 1 (l
 y =

∑∞
n=1 Txn).

�Ä�þ?ê
∑∞

n=1 xn. ´�

∞∑
n=1

‖xn‖ ≤
∞∑

n=1

1
2n−1 = 2.
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y²(Y)

du X ��,¤±�þ?ê
∑∞

n=1 xn Âñ. P x =
∑∞

n=1 xn,K

‖x‖ ≤
∞∑

n=1

‖xn‖ ≤ 2 < 3 l
x ∈ UX(0, 3).

qdu T ´k.�5�f,¤±k

Tx = T
( ∞∑

n=1

xn

)
=

∞∑
n=1

Txn = y.

ùL² y = Tx ∈ T
(
UX(0, 3)

)
. d y ∈ UY(0, ε)�?¿5B�

UY(0, ε) ⊂ T
(
UX(0, 3)

)
⇐⇒ T

(
UX(0, 1)

)
⊃ UY(0, δ)

Ù¥ δ = ε
3 .
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½Â1

� X Ú Y ´Ýþ�m, T : X 7→ Y ´��N�. e T r X ¥

�m8C¤ Y ¥�m8(=é?¿m8 G ⊂ X, Ù� T(G) ⊂ Y

�´m8),K¡ T ´��mN�.

½n1

� X Ú Y ´Banach�m, T : X 7→ Y ´��k.�5�f.

e T ´÷�,K T 7�mN�.

Ù¢,e G ⊂ X �m8,K G =
⋃

x∈G UX(x, θx),u´k

T(G) =
⋃
x∈G

T
(
UX(x, θx)

)
⊃

⋃
x∈G

UY(Tx, δθx)
)
⊃ T(G),

dd� T(G) =
⋃

x∈G UY(Tx, δθx)
)
,�� T(G)�´m8.
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½n2

� X Ú Y ´Banach�m, T : X 7→ Y ´��k.�5�f.

e T ´V�,KÙ_N� T−1 : Y 7→ X �´k.�5�f.

X Y

X Y

-operator T

?
IY

6
IX

�
the inverse T−1

(6)

½n3

� X ´���5�m, ‖ · ‖1 Ú ‖ · ‖2 ´ X þ�ü��ê,¦

� (X, ‖ · ‖1)Ú (X, ‖ · ‖2)Ñ´Banach�m. ek�ê C > 0¦

� ‖ · ‖2 ≤ C‖ · ‖1,K7k�ê C′ > 0¦�‖ · ‖1 ≤ C′‖ · ‖2.
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