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Chap 10 Banach�m¥�Ä�½n

§5 rÂñ!fÂñÚ��Âñ

�!·�0��D��5�mk'�A«ÂñVg. ·�ò

¬w�ù
VgNy
êÆ[��g��É.

½Â1

� X ´D��5�m, {xn}´ X ¥��þS�. ± X′ L«

X ��Ý�m.

1 ek x ∈ X,¦� ‖xn − x‖ → 0 (n →∞),K¡�þS� {xn}
rÂñu x;

2 ek x ∈ X,¦�é?¿ f ∈ X′,Ñk f (xn) → f (x) (n →∞),

K¡�þS� {xn}fÂñu x.
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♠ 3D��5�m¥,�þS��rÂñÒ´U�êÂñ.

♠ w,,rÂñ%¹fÂñ,�fÂñ��7rÂñ.

~1

� X = l2, �ÄS� {en}, Ù¥ en = (0, 0, · · · , 0, 1, 0, · · · ).
?� f ∈ X′, dRieszL«½n�3 zf ¦� f (x) = 〈x, zf 〉, x ∈ X.

Ï {en}´ X �IO��Ä,�

∞∑
n=1

|f (en)|2 =
∞∑

n=1

|〈en, zf 〉|2 = ‖zf ‖2

dd� f (en) → 0 = f (0), (n → ∞). �� {en} fÂñu"�þ
0. �´ ‖en − 0‖ = 1, ∀ n ≥ 1,� {en}ØrÂñu"�þ 0.

3 / 10



½Â2

� X ´D��5�m, X′ L« X ��Ý�m, {fn} ⊂ X′ ´

�¼S�.

1 ek f ∈ X′,¦� ‖fn − f‖ → 0 (n →∞),K¡�¼S� {fn}
rÂñu�¼ f ;

2 ek f ∈ X′,¦�é?¿ x ∈ X,Ñk fn(x) → f (x) (n → ∞),

K¡�¼S� {fn}f∗Âñu�¼ f ;

3 ek f ∈ X′, ¦�é?¿ F ∈ (X′)′, Ñk F(fn) → F(f )

(n →∞),K¡�¼S� {fn}fÂñu�¼ f .

♠ éu�¼S�, e�%¹'X¤á: rÂñ ⇒ fÂñ ⇒
f∗Âñ.
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� X ´D��5�m,KkK� J : X 7→ (X′)′ ÷v:

J(x) = Fx, x ∈ X. (1)

Ù¥, Fx ∈ (X′)′ deª½Â: Fx(f ) = f (x), f ∈ X′.

g,i\N�!g�5

� X ´D��5�m,Kd(1)ª¤½Â�N� J : X 7→ (X′)′

´�±�ê��5�f,¡�� X � (X′)′ �g,i\N�.

eg,i\N� J : X 7→ (X′)′ �´÷�,= J(X) = (X′)′,K

¡ X ´g��.

♠ Hilbert�m´g��. � p > 1�, Lp[a, b]�´g��.

5 / 10



·K1

�D��5�m X ´g��, {fn} ⊂ X′ ´�¼S�, f ∈ X′.

K: {fn}f∗Âñu f ⇐⇒ {fn}fÂñ f .

dc¡�?Ø�: {fn}fÂñ f =⇒ {fn}f∗Âñu f . ey:

���%¹'X�¤á.

Ù¢, e {fn} f∗Âñu f , Kd X �g�5�éz� F ∈
(X′)′, éA/k x ∈ X ÷v J(x) = F, Ù¥ J � X � (X′)′ �g

,i\N�,u´

F(fn) = fn(x) → f (x) = F(f ) (n →∞).

ùL² {fn}fÂñu f .
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½Â3

� X, Y ´D��5�m, {Tn} ⊂ B(X 7→Y)´k.�fS�,

T ∈ B(X 7→Y)´k.�f.

1 e ‖Tn − T‖ → 0 (n → ∞), K¡�fS� {Tn} ��Âñu
�f T;

2 eé?¿ x ∈ X,Ñk ‖Tnx− Tx‖ → 0 (n →∞),K¡�fS

� {Tn}rÂñu�f T;

3 eé?¿ x ∈ X Ú?¿ f ∈ Y ′, Ñk f (Tnx) → f (Tx) (n →
∞),K¡�fS� {Tn}fÂñu�f T.

♠ w,,éu�fS�5`,��Âñ⇒rÂñ⇒fÂñ.
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~2

� X = Y = l2,�Ä�fS� {Tn} ⊂ B(X 7→Y),Ù¥

Tn
(
ξ1, ξ2, · · ·

)
=

(
0, 0, · · · , 0︸ ︷︷ ︸

n zeros

, ξn+1, ξn+2, · · ·
)
,

Ù¥ x = (ξ1, ξ2, · · · ) ∈ l2. �±�y,�fS� {Tn}rÂñu"
�f,�Ø��Âñu"�f.
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~3

� X = Y = l2,�Ä�fS� {Sn} ⊂ B(X 7→Y),Ù¥

Sn
(
ξ1, ξ2, · · ·

)
=

(
0, 0, · · · , 0︸ ︷︷ ︸

n zeros

, ξ1, ξ2, · · ·
)
,

Ù¥ x = (ξ1, ξ2, · · · ) ∈ l2. �±�y,�fS� {Tn}fÂñu"
�f,�ØrÂñu"�f.
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½n2

� X, Y ´Banach�m, {Tn} ⊂ B(X 7→ Y) ´�fS�. K

{Tn}rÂñ�¿©7�^�´:

1 { ‖Tn‖ }k.;

2 kÈ�f8 D ⊂ X ¦�éz� x ∈ D,�þS�{Tnx }3 Y

¥rÂñ.
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