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Chap 10 Banach�m¥�Ä�½n

ÏLcAÙ�?Ø, ·�w��¼©Û�nØ��{äkp

Ý�Ä�V)5. ~XNõ�Oé��ÂñVg, Ñ�±8(�

Ýþ�m¥�Ýþ£ål¤�Âñ.

�Ù, ·�òw��¼©Û�nØ��{�äk���A

5,=§���5: ·�òw�Nõ3�;©Û¥wØ��ÀÜ.

�Ù�Ì�SN�o^Ä�½n, =: Hahn-Banach �¼ò

ÿ½n!��k.�n!_�f½nÚ4ã�½n. ùo^Ä�

½n¿©Ny
�¼©Û�nØ��{¤äk���5.
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§1 �¼òÿ½n

� p > 1, K Lp[0, 1]´��Banach�m. ·��� Lp[0, 1]

��Ý�m�u Lq[0, 1], Ù¥ 1/p + 1/q = 1. ù¿�X Lq[0, 1]

¥�z�¼êÑU(½�� Lp[0, 1] þ�ëY�5�¼. Ïd

Lp[0, 1]þkv
õ�ëY�5�¼.

bX X ´�����Banach �m, @o��ég,�¯K

´: X þ´Ä�kv
õ�ëY�5�¼? �!,·�ò£�ù�

�¯K.�d·��ÄXe����¯K:

� X ´��D��5�m, Z ´ X �f�m, f ´ Z þ��

�ëY�5�¼,¯: ´Ä�3��m X þ�ëY�5�¼ f̃ ÷

v f̃ (z) = f (z), z ∈ Z ¿�
∥∥f̃

∥∥
X = ‖f‖Z ?
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g�5�¼

� X ´���5�m, p(x)´ X þ���¢��¼. e�¼

p(x)÷v:

(1) p(αx) = |α|p(x), x ∈ X, α´ê;

(2) p(x + y) ≤ p(x) + p(y), x, y ∈ X,

K¡ p(x)� X þ���g�5�¼.

♠ N´�y, XJ p(x)´�5�m X þ���g�5�¼, K

§�´�K��,=:

(3) p(x) ≥ 0, x ∈ X.

Ïd�5�m X þg�5�¼Ù¢Ò´��ê({¡��).
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½n1

� X ´��¢�5�m, p(x) ´ X þ���g�5�¼(=

��). e f ´ X �f�m Z þ���¢�5�¼, ¿��g�

5�¼ p(x)¤��,=÷v:

f (z) ≤ p(z), z ∈ Z,

K�3 X þ�¢�5�¼ f̃ ÷v f̃ (z) = f (z), z ∈ Z, ¿� f̃ 3

���m X þE� p(x)¤��:

f̃ (x) ≤ p(x), x ∈ X.

♠ d½n¡�Hahn-Banach�¼*Ü(½òÿ)½n.
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y²

e Z = X, K(Øw,¤á. e� Z ´ X �ýf�m. ©ü

Ú?1y².

♦ 1�Ú.y²: éz��þ x0 ∈ X \ Z,eP Z1 � Z � x0 Ü

¤�f�m,=

Z1 = { z + αx0 | z ∈ Z, α ∈ R },

K�3 Z1 þ�¢�5�¼ f1 ÷v f1(z) = f (z), z ∈ Z, ¿��

¼ f1 3�f�m Z1 þE� p(x)¤��:

f1(x) ≤ p(x), x ∈ Z1.

♦ 1�Ú.¦^ZornÚnÚ1�Ú�(Øy²½n¤á.
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y²(Y)

♦ 1�Ú�y². Ù¢,é?¿ u, v ∈ Z,�â��^�·�k

f (u) + f (v) = f (u + x0) + f (v− x0) ≤ p(u + x0) + p(v− x0).

£�� −p(v− x0) + f (v) ≤ p(u + x0)− f (u). -

λ1 = sup
v∈Z

[−p(v− x0) + f (v)], λ2 = inf
u∈Z

[p(u + x0)− f (u)]

K λ1 ≤ λ2. �½ λ ∈ [λ1, λ2], ·�½Â Z1 þ�¢��¼ f1 X

e:

f1(z + αx0) = f (z) + αλ, z + αx0 ∈ Z1.

´� f1 k(½¿Â�� Z1 þ�¢��5�¼. d	, �N´w

Ñ f1(z) = f (z), z ∈ Z. e¡�y f1 3 Z1 þE� p(x)¤��.
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y²(Y)

Ù¢,é?¿ z + αx0 ∈ Z1,·�k

f1(z + αx0) = f (z) + αλ

≤


f (z) + α[p(z/α + x0)− f (z/α)], α > 0;

f (z), α = 0;

f (z) + α[−p(−z/α− x0) + f (−z/α)], α < 0.

≤ p(z + αx0).

ù`² f1 3 Z1 þE� p(x)¤��.u´1�Úy²�¤.

♦ 1�Ú�y². ·�I�Ú\���S8 A. -

A =
{

(Dg, g) | Z ⊂ Dg ⊂ X �f�m, g� Dg þ�

�5�¼, Dg � p(x)��� g|Z = f
}

8 / 13



y²(Y)

´� (Z, f ) ∈ A.3 A¥Ú\S'X “≤”Xe:

(Dg, g) ≤ (Dh, h) ⇐⇒ Dg ⊂ Dh, h(x) = g(x), x ∈ Dg.

Ù¥ (Dg, g), (Dh, h) ∈ A. N´�y A'uS'X “≤”�¤��

�S8. ·���±y²���S8 AäkXe5�: A�z�
�Sf8Ñ3 A ¥kþ.. u´dZorn Ún, ���S8 A 7
k4��,P� (Df̃ , f̃ ). ey Df̃ = X.

eØ,, K X \ Df̃ 6= ∅, � x0 ∈ X \ Df̃ ¿P Z1 � x0 � Df̃

Ü¤�f�m. d1�ã�(Ø,�3 Z1 þ��5�¼ g÷v

g(x) = f̃ (x), x ∈ Df̃ ; g(x) ≤ p(x), x ∈ Z1.
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y²(Y)

´� (Z1, g) ∈ A� (Df̃ , f̃ ) ≤ (Z1, g). ld (Df̃ , f̃ )�4�5�

� (Df̃ , f̃ ) = (Z1, g),AO/ Df̃ = Z1. gñ!

du Df̃ = X, ¤± f̃ ´ X þ��5�¼. qdu (Df̃ , f̃ ) ∈
A,¤±

f̃ (z) = f (z), z ∈ Z; f̃ (x) ≤ p(x), x ∈ Df̃ = X.

�d½n����y².

� KL«¢ê�½öEê�.e��½n¢Sþ�Ñ
E�

5�mþ�¼�*Ü½n.
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½n2

� X ´ê� Kþ��5�m, p(x)´ X þ���g�5�

¼(=��).e f ´ X �f�m Z þ���K-��5�¼,¿�

�g�5�¼ p(x)¤ýé��,=÷v:

|f (z)| ≤ p(z), z ∈ Z,

K�3 X þ�K-��5�¼ f̃ ÷v f̃ (z) = f (z), z ∈ Z, ¿� f̃

3���m X þE� p(x)¤ýé��:

|f̃ (x)| ≤ p(x), x ∈ X.
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c¡?Ø
�é���5�m��¼*Ü¯K. e¡?Ø�

éD��5�m��¼*Ü¯K. duk
�ê, ·�òk��

à�(J.�â.~,D��5�m X ��Ý�mP� X′.

½n3

� X ´��D��5�m, Z ´ X ���f�m. e f ∈ Z′,

Kk f̃ ∈ X′ ÷v:

f̃ (z) = f (z), z ∈ Z � ‖f̃‖X = ‖f‖Z.

=f�m Z þ�ëY�5�¼3��m X þ7k��ëY�5

*Ü.
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½n4

� X ´��D��5�m. e x0 ∈ X � x0 6= 0,Kk f ∈ X′

÷v:

‖f‖ = 1 � f (x0) = ‖x0‖.

dd½n,·�á�Xe�©k^�íØ.

íØ1

� X ´��D��5�m, x0 ∈ X. eéu�� f ∈ X′,Ñk

f (x0) = 0,K7k x0 = 0.
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