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9 k.�5�fÚëY�5�¼

�!Eb½ K L«¢ê� R ½Eê� C.

½Â1 � X Ú Y ´ê� K þ�ü��5�m, D ´ X ��5f�m, T : D 7→ Y

´��N�, XJ T ÷v:

T (αx+ βy) = αTx+ βTy, α, β ∈ K, x, y ∈ D (9.1)

K¡ T � D � Y ��5�f. Ù¥ D �� T �½Â�, P� D(T ), TD �� T ��

�, P� R(T ).

�5�m X �Ùg���5�f~¡� X þ��5�f.

5 duê� K �´Ùg�þ�5�m, ¤±½Â1�·Üu Y = K ��/. d�

¡ T � D þ��5�¼. AO/, �5�m X þ��5�¼Ò´ X �Ù¤3ê� K �
�5�f.

� T ´���5�f, K T0 = 0, = 0 ∈ N (T ), Ù¥ N (T ) L« T �"�m, =

N (T ) = {x | x ∈ D(T ), Tx = 0 }. (9.2)

ù^5�`²�5�fr"�þC�r"�þ.

e¡~Þ�
~���5�fÚ�¼.

~1 (�q�f) � X ´ê� K þ��5�m. �½��ê α ∈ K, K�½Â��

N� T : X 7→ X Xe:

Tx = αx, x ∈ X. (9.3)

´� T ´ X �Ùg���5�f, ¡��q�f.

� α = 1 �, �A��q�fq¡�ð��f, P� IX ½ I. � α = 0 �, �A��

q�f¡�"�f, P� O.

~1L²ê� K ¥�z�êÑéAX X �Ùg�����5�f—�q�f.

~2 � P[0, 1]L««m [0, 1]þ��Nõ�ª�¤��5�m. ½ÂN� T : P[0, 1] 7→
P[0, 1] Xe:

(Tx)(t) =
d

dt
x(t), x ∈ P[0, 1]. (9.4)

d¦�$���55��� T ´ P[0, 1] þ��5�f, ¡��©�f. �½��ê t0 ∈
[0, 1], K�½Â P[0, 1] þ��¼ f Xe:

f(x) = x′(t0), x ∈ P[0, 1]. (9.5)
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´� f ´ P[0, 1] þ��5�¼.

~3 ½ÂN� T : C[a, b] 7→ C[a, b] Xe:

(Tx)(t) =

∫ t

a
x(s)ds, x ∈ C[a, b]. (9.6)

dÈ©$���55��� T ´ C[a, b] þ��5�f, ¡�È©�f. e½Â

f(x) =

∫ b

a
x(t)dt, x ∈ C[a, b], (9.7)

K f ´ C[a, b] þ��5�¼.

~4 (¦{�f) ½ÂN� T : C[a, b] 7→ C[a, b] Xe:

(Tx)(t) = tx(t), x ∈ C[a, b]. (9.8)

KØJ�y T ´ C[a, b] þ��5�f, ¡�¦{�f. ¦{�f3þfÔnÚ�fÌØ

�+�kX­��¿Â.

~5 (Rn þ��5�f) � A ´�� n× n ¢�
, ½ÂN� T : Rn 7→ RnXe:

Tx = Ax, x ∈ Rn. (9.9)

Ù¥ Ax L«Ý
�¦. K T ´Rn þ�5�f. ��, e T ´ Rn þ��5�f, K�

½�3��¢�
 A ¦� T ÷v(9.9)ª.

~5L² Rn þ��5�féAX n× n ¢�
. e¡�?ØKL² Rn þ��5�

¼éAX Rn ¥��þ.

�½ u = (α1, α2, · · · , αn) ∈ Rn, K�½Â Rn þ�¼ f Xe:

f(x) =
n∑

i=1

αiξi, x ∈ Rn (9.10)

Ù¥ x = (ξ1, ξ2, · · · , ξn). N´�y f ´ Rn þ��5�¼.

��,e f ´Rnþ��5�¼,K f �L«�(9.10)�/ª,Ù¥ u = (α1, α2, · · · , αn)

deª(½

αi = f(ei), 1 ≤ i ≤ n.

d? {e1, e2, · · · , en} � Rn ���Ä.
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éuD��5�m�m�5�f, ·�g,��Ä¦��ëY5A�. e�ã�?Ø

ò8¥uù�ØK.

±e, ·�b½ X Ú Y ´ü��½�D��5�m, ¦���ê(7��)©OP�

‖ · ‖X Ú ‖ · ‖Y .

½Â2 � T : D(T ) 7→ Y ´���5�f, Ù¥ D(T ) ´ X ���f�m. e�3

~ê M ≥ 0 ¦�

‖Tx‖Y ≤M‖x‖X , ∀x ∈ D(T ), (9.11)

K¡ T ´ D(T ) � Y �k.�5�f. � D(T ) = X �, ¡ T ´ X � Y �k.�5

�f, {¡k.�f.

5 e�5�f T : D(T ) 7→ Y Ø´k.�5�f, K¡��Ã.�f.

e��½n`², éuD��5�m�m��5�f, §��ëY5�k.5´�d

�.

½n1 � T : X 7→ Y ´���5�f. K: T �k.�f�¿©7�^�´ T �

X � Y �ëY�f.

y² ky7�5. d�, d T ��5Úk.5�

‖Tu− Tv‖Y = ‖T (u− v)‖Y ≤M‖u− v‖X , u, v ∈ X.

?� x ∈ X. e:� {xn} ⊂ X ��êÂñu x, Kdþ¡Ø�ªwÑ{Txn} ��êÂñ
u Tx. l
`² T 3 x ?ëY. d x ∈ X �?¿5��, T 3 X þ??ëY, = T ´

ëY�f.

2y¿©5. d�, T 3"�þ 0 ?ëY, Ï
�3�ê δ, ¦�� x ∈ X � ‖x −
0‖X < δ �, k

‖Tx− T0‖Y < 1.

�M = 2/δ. Ké? x ∈ X,� x = 0�,Ø�ª ‖Tx‖Y ≤M‖x‖X w,¤á; � x 6= 0�,

Ï ∥∥∥ δx

2‖x‖X
− 0
∥∥∥
X

=
δ

2
< δ,

�
δ

2‖x‖X
‖Tx‖Y =

∥∥∥T( δx

2‖x‖X

)
− T0

∥∥∥
Y
< 1,

l
Ek ‖Tx‖Y ≤M‖x‖X . o� T ´k.�f.
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5 � T : X 7→ Y ´���5�f. Ke�^�*d�d: (1) T ´ëY�f(= T

3 X þ??ëY); (2) T 3 X �,�: x0 ?ëY; (3) T 3 X �"�þ?ëY; (4)

T ´k.�f.

�5�¼´AÏ��5�f, Ï
k�\AO�ëY5A�.

½n2 � f ´ X þ����5�¼. K f 3 X þëY�¿©7�^�´ f �"

�m N (f) ´ X �4f�m.

y² ky7�5. d�, f 3 X þëY.�:� {xn} ⊂ N (f)��êÂñu x ∈ X,

Kd f �ëY5�:

0 = f(xn) −→ f(x) (n −→∞),

l
 f(x) = 0, = x ∈ N (f). ù`² N (f) �¹Ù¤kà:, l
´ X �4f�m.

2y¿©5. d�, N (f) ´ X �4f�m,  y f ëY. �â½n1, �Iy² f k

.. ^�y{. e f Ã., Kk:� {xn} ⊂ X ÷v

|f(xn)| > n‖xn‖, n ≥ 1.

´� f(xn) 6= 0 (n ≥ 1), AO/ f(x1) 6= 0. d	��±wÑ xn/f(xn)→ 0. -

zn = x1 −
f(x1)

f(xn)
xn, n ≥ 1.

KN´wÑ {zn} ⊂ N (f). ,��¡, ·�ØJuy zn → x1. u´d N (f) �45�

x1 ∈ N (f), l
 f(x1) = 0. gñ!

½Â3 � T : D(T ) 7→ Y ´���5�f, Ù¥ D(T ) ´ X �f�m. ½Â

‖T‖ = sup

{
‖Tx‖
‖x‖

∣∣∣∣ x 6= 0, x ∈ D(T )
}
. (9.12)

¡���f T ��ê.

´�, T k. ⇔ ‖T‖ <∞. � T k.�, ‖T‖ �N
 T ���� Ç, ¿�

‖Tx‖ ≤ ‖T‖‖x‖, ∀x ∈ D(T ). (9.13)

Ïd ‖T‖ = min{M | M ≥ 0, ‖Tx‖ ≤M‖x‖, ∀x ∈ D(T ) }.

Ún1 � T : D(T ) 7→ Y ´��k.�f, Ù¥ D(T ) ´ X �f�m. K

‖T‖ = sup
{
‖Tx‖ | x ∈ D(T ), ‖x‖ = 1

}
= sup

{
‖Tx‖ | x ∈ D(T ), ‖x‖ ≤ 1

}
.

(9.14)
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y² -

α = sup
{
‖Tx‖ | x ∈ D(T ), ‖x‖ = 1

}
,

β = sup
{
‖Tx‖ | x ∈ D(T ), ‖x‖ ≤ 1

}
.

´� α ≤ β. � ‖x‖ ≤ 1 �, ‖Tx‖ ≤ ‖T‖‖x‖ ≤ ‖T‖, Ïd β ≤ ‖T‖. ey ‖T‖ ≤ α. Ù

¢, e x ∈ D(T ) � x 6= 0, K
∥∥x/‖x‖∥∥ = 1. u´

‖Tx‖
‖x‖

=
∥∥∥T( x

‖x‖

)∥∥∥ ≤ α, x ∈ D(T ), x 6= 0.

dd�� ‖T‖ ≤ α. nþ ‖T‖ ≤ α ≤ β ≤ ‖T‖§l
‖T‖ = α = β. y..

±e, ·�~Þ�
k.�5�fÚk.�5�¼.

~6 D��5�m X þ�'~�f Tx = αx ´k.�5�f. ¿�

‖T‖ = |α|. (9.15)

AO/ ‖I‖ = 1, ‖O‖ = 0.

~7 �ÄëY¼ê�m C[0, 1]. � K(t, τ) ´ [0, 1]× [0, 1] þ���ëY¼ê. ½Â

N�T : C[0, 1] 7→ C[0, 1] Xe:

(Tx)(t) =

∫ 1

0
K(t, τ)x(τ)dτ, t ∈ [0, 1] (9.16)

Ù¥ x ∈ C[0, 1]. ´� T ´ C[0, 1] þ��5�f. �±y²: �f T ´ C[0, 1] þ�k.

�5�f, ¿��êdeª�Ñ

‖T‖ = max
0≤t≤1

∫ 1

0
|K(t, τ)|dτ. (9.17)

�f T ¡�dëYØ½Â�È©�f, Ù¥��ëY¼ê K(t, τ) �� T �Ø.


