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摘　要　空间曲线由一般方程由

[image: image1.wmf](

)

(

)

0

,

,

,

0

,

,

=

=

z

y

x

G

z

y

x

F


给出时，本文给出了计算曲线曲率和挠率的公式.
关键词　曲率　挠率  曲线的一般方程
Determine the Curvature and Torsion of a Space Curve

by the General Equation

Yin Pu
(College of Mathematics and Information Science, Northwest Normal University, Lanzhou730070,Gansu)
Abstract : In this paper, give the general equation of a space curve 
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we calculate the formulas of the curvature and torsion.  
Key words: curvature; torsion; the general equation of a space curve
    曲线的曲率描述的是曲线的切向量对于弧长的旋转速度,即曲线的弯曲程度;曲线的挠率其绝对值描述的是曲线的副法向量(或密切平面)对于弧长的旋转速度,即曲线的扭曲程度.计算曲线的曲率和挠率一般是利用曲线的自然(弧长)参数方程进行推导的,所以曲线的方程由一般方程给出时,首先要改写成参数方程,然后再计算曲线的曲率和挠率.但是有些方程不容易改写成自然参数方程,本文就从曲线的一般方程出发直接推导计算曲线的曲率和挠率的公式.
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是满秩的.
一、计算曲线的曲率

设所求曲线为
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将方程(1)式中的两式对
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记向量  
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则曲线
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又由(3)式知 
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且由(4)式和(5)式可知
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将(4)式两端对弧长
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这里,
[image: image44.wmf](

)

s

N

是单位主法向量.                                      　　                   　　　                            　　　　　　　　　　　　　　　　　　　　　　　　　　　　　
将(4)式与(8)式两端分别作外积
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这里,
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将(10)式和(11)式代入(9)式,有
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由(3)式知
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则由(5)式和(14)式,有
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　      (17)　　　　　　　　　　　　　　　　　　　　　　　　　　　　　　

由(15)式和(16)式,有
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               (19)
将(7)式、(19)式代入(18)式,有
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    (20)　
同理,有
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     (21)　　                                                                
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     (22)　　                       
将(20)式、(21)式和(22)式代入(17)式,有
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由(3)式,(23)式可变为
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两端取向量长度,得曲线的曲率为
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二、计算曲线的挠率

将(27)式两端关于弧长
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将(27)式和(29)式两端作外积,得

[image: image167.wmf]6

G

F

Ñ

´

Ñ



 EMBED Equation.3  [image: image168.wmf](

)

s

k

2



 EMBED Equation.3  [image: image169.wmf](

)

(

)

s

T

s

t


      =
[image: image170.wmf](

)

÷

ø

ö

ç

è

æ

Ñ

-

Ñ

-

Ñ

+

Ñ

´

Ñ

-

Ñ

G

ds

d

B

B

ds

d

G

F

ds

d

A

A

ds

d

F

G

B

F

A

.                (30)
对(30)式两端向量取长度,有
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则曲线的挠率为
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这里,
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其中, 
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三、举例
     例  设曲线
[image: image240.wmf]C

是二次曲面
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[image: image243.wmf]C

的曲率和挠率.
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由②式和(5)式,有
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.                                           ⑧
将⑦式和⑧式代入公式(27),有曲率
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.
下面,求这条曲线的挠率
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利用⑧式和⑨式,有
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由⑧式和⑩式,得挠率为


[image: image274.wmf]÷

ø

ö

ç

è

æ

+

+

-

=

6

6

6

4

1

2

3

z

y

x

xyz

t


参考文献

[1] 黄宣国. 空间解析几何, 上海：复旦大学出版社, 2003.

[2] 梅向明, 黄敬之. 微分几何（第三版）, 北京：高等教育出版社, 1988.
PAGE  
13

_1176099429.unknown

_1177651102.unknown

_1177652151.unknown

_1178951585.unknown

_1178951624.unknown

_1178951643.unknown

_1178951663.unknown

_1178951682.unknown

_1178951692.unknown

_1178951672.unknown

_1178951650.unknown

_1178951633.unknown

_1178951604.unknown

_1178951615.unknown

_1178951593.unknown

_1177652278.unknown

_1177652304.unknown

_1177652340.unknown

_1178197930.unknown

_1177652870.unknown

_1177652326.unknown

_1177652291.unknown

_1177652233.unknown

_1177652254.unknown

_1177652216.unknown

_1177651686.unknown

_1177652112.unknown

_1177652130.unknown

_1177651823.unknown

_1177651157.unknown

_1177651163.unknown

_1177651111.unknown

_1176100901.unknown

_1176101530.unknown

_1176119685.unknown

_1176121937.unknown

_1177305864.unknown

_1177305895.unknown

_1177305750.unknown

_1176121922.unknown

_1176118907.unknown

_1176119203.unknown

_1176119369.unknown

_1176119529.unknown

_1176118977.unknown

_1176118395.unknown

_1176118785.unknown

_1176118211.unknown

_1176101418.unknown

_1176101453.unknown

_1176101458.unknown

_1176101445.unknown

_1176100954.unknown

_1176101326.unknown

_1176101376.unknown

_1176101195.unknown

_1176100913.unknown

_1176100948.unknown

_1176099569.unknown

_1176100830.unknown

_1176100888.unknown

_1176100033.unknown

_1176100065.unknown

_1176100086.unknown

_1176099969.unknown

_1176099517.unknown

_1176099568.unknown

_1176099479.unknown

_1176099510.unknown

_1176099465.unknown

_1175237100.unknown

_1176098119.unknown

_1176099336.unknown

_1176099395.unknown

_1176099420.unknown

_1176099382.unknown

_1176099179.unknown

_1176099324.unknown

_1176098961.unknown

_1176099178.unknown

_1176098914.unknown

_1176095679.unknown

_1176096670.unknown

_1176096850.unknown

_1176096912.unknown

_1176096906.unknown

_1176096818.unknown

_1176096319.unknown

_1176096374.unknown

_1176096286.unknown

_1176096000.unknown

_1176095419.unknown

_1176095517.unknown

_1175237527.unknown

_1174539999.unknown

_1174543200.unknown

_1174549952.unknown

_1174800057.unknown

_1175233145.unknown

_1175236256.unknown

_1175236395.unknown

_1175236535.unknown

_1175236646.unknown

_1175236710.unknown

_1175236601.unknown

_1175236506.unknown

_1175236274.unknown

_1175236302.unknown

_1175236283.unknown

_1175236266.unknown

_1175233961.unknown

_1175234070.unknown

_1175234100.unknown

_1175234007.unknown

_1175233432.unknown

_1175233446.unknown

_1175233838.unknown

_1175233880.unknown

_1175233471.unknown

_1175233440.unknown

_1175233227.unknown

_1175233373.unknown

_1175233214.unknown

_1174801110.unknown

_1174801488.unknown

_1175232521.unknown

_1175232835.unknown

_1175233029.unknown

_1175232718.unknown

_1174801857.unknown

_1175232102.unknown

_1175232318.unknown

_1175232193.unknown

_1175231763.unknown

_1174801627.unknown

_1174801221.unknown

_1174801472.unknown

_1174801090.unknown

_1174801103.unknown

_1174800766.unknown

_1174800615.unknown

_1174800723.unknown

_1174800112.unknown

_1174799274.unknown

_1174799871.unknown

_1174799969.unknown

_1174800023.unknown

_1174799942.unknown

_1174799306.unknown

_1174799400.unknown

_1174799304.unknown

_1174798614.unknown

_1174799039.unknown

_1174799163.unknown

_1174798964.unknown

_1174550357.unknown

_1174550390.unknown

_1174550108.unknown

_1174550175.unknown

_1174545181.unknown

_1174545459.unknown

_1174548187.unknown

_1174548423.unknown

_1174548639.unknown

_1174546599.unknown

_1174546836.unknown

_1174547395.unknown

_1174546442.unknown

_1174545853.unknown

_1174545354.unknown

_1174545385.unknown

_1174545320.unknown

_1174544371.unknown

_1174545001.unknown

_1174545037.unknown

_1174544548.unknown

_1174544230.unknown

_1174544323.unknown

_1174543204.unknown

_1174540642.unknown

_1174542758.unknown

_1174542975.unknown

_1174543001.unknown

_1174543078.unknown

_1174542927.unknown

_1174542174.unknown

_1174542578.unknown

_1174542614.unknown

_1174542289.unknown

_1174540677.unknown

_1174541240.unknown

_1174540522.unknown

_1174540589.unknown

_1174540621.unknown

_1174540031.unknown

_1174540097.unknown

_1174540221.unknown

_1174539446.unknown

_1174539679.unknown

_1174539542.unknown

_1174539605.unknown

_1174539448.unknown

_1174461681.unknown

_1174462681.unknown

_1174538857.unknown

_1174539423.unknown

_1174462894.unknown

_1174462723.unknown

_1174462730.unknown

_1174462693.unknown

_1174462429.unknown

_1174462626.unknown

_1174461901.unknown

_1174459942.unknown

_1174461573.unknown

_1174461642.unknown

_1174460524.unknown

_1174461318.unknown

_1174461349.unknown

_1174460771.unknown

_1174460811.unknown

_1174460728.unknown

_1174460058.unknown

_1174460234.unknown

_1174459869.unknown

_1174459102.unknown

_1174459114.unknown

