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B.1 ���þþþ���êêê

3n�î¼�mR3 ¥�kS:é8{(P,Q) | P,Q ∈ R3} = R3 × R3 ¥
ïá��Xe�d'X∼: ¡

(P,Q) ∼ (P ′, Q′),

XJ�3²£T , ¦�

T (P ) = P ′, T (Q) = Q′.

�P,Q, P ′, Q′ ��I©O� (xi, yi, zi), (x′
i, y

′
i, z

′
i), i = 1, 2, K

(P,Q) ∼ (P ′, Q′) ⇐⇒


x2 − x1 = x′

2 − x′
1

y2 − y1 = y′2 − y′1

z2 − z1 = z′2 − z′1

(B.1)

þã�d'X����da¡����þ. (P,Q)��da, =lP �Q�
�þP�

−−→
PQ, §�n�©þ½Â�x2 − x1, y2 − y1, z2 − z1, =k

−−→
PQ = (x2 − x1, y2 − y1, z2 − z1).

�â (B.1)ª, ���þdÙ©þ��(½. lAÛþ`,
−−→
PQ =

−−→
P ′Q′ ��=

�
|
−−→
PQ| = |

−−→
P ′Q′|,

�
−−→
PQ ‖

−−→
P ′Q′ (Ó��¿Âe).
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�P ∈ R3, ¡
−−→
OP �P � ��þ½»¥.

eλ�¢ê, r = (x, y, z), K½Âλ�r �È�λ · r = (λx, λy, λz).

eri = (xi, yi, zi), i = 1, 2, �ü��þ, K½Â§��Ú´r1 + r2 =

(x1 + x2, y1 + y2, z1 + z2). u´, �þ3þã\{Úê¦$�e�¤���
þ�m.

(...) ü��þ�SÈ: r1 · r2 = x1x2 + y1y2 + z1z2.

�þ���: |r| =
√

r · r =
√

x2 + y2 + z2.

�þ�ü z: �r 6= 0, K r
|r| ´Úr ���Ó�ü �þ.

ü��þ�Y�: cos ∠(r1, r2) = r1·r2
|r1|·|r2| .

���þ: r1 ⊥ r2 ⇐⇒ r1 · r2 = 0.

SÈ���Æ: r1 · r2 = r2 · r2.

(///) ü��þ�	È: r1 × r2 =

(∣∣∣∣∣y1 z1

y2 z2

∣∣∣∣∣ , −

∣∣∣∣∣x1 z1

x2 z2

∣∣∣∣∣ ,

∣∣∣∣∣x1 y1

x2 y2

∣∣∣∣∣
)

.

���þ: r1 �r2 ��(½²1)⇐⇒r1 × r2 = 0.

	È����Æ: r1 × r2 = −r2 × r1.

(000) n��þ�·ÜÈ: (r1, r2, r3) = (r1 × r2) · r3 =

∣∣∣∣∣∣∣∣
x1 y1 z1

x2 y2 z2

x3 y3 z3

∣∣∣∣∣∣∣∣.
�¡�þ: r1, r2, r3 �¡⇐⇒ (r1, r2, r3) = 0.

·ÜÈ�Ó����Æ: Ó�ØUC·ÜÈ, ��¦·ÜÈCÒ.

m(�)ÃIe: {r1, r2, r3}¤m(�)ÃIe⇐⇒ (r1, r2, r3) > 0(< 0),

(111) n��þ�V�þÈ: (r1 × r2) × r3 = (r1 · r3)r2 − (r2 · r3)r1.

Lagrangeð�ª:

(r1 × r2) · (r3 × r4) = (r1 · r3)(r2 · r4) − (r1 · r4)(r2 · r4).

(r1 × r2) × (r3 × r4) = (r1, r2, r4)r3 − (r1, r2, r3)r4.

(222) R3 �$ÄØUC�þ���ÚY�.
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B.2 ���þþþ¼¼¼êêê���444���

eéAua ≤ t ≤ b¥�z�� t�, k��(½��þr, K¡r ���
��þ¼ê, P�r(t). w,�þ¼ê�n�©þÑ´ t�¼ê, =

r(t) = (x(t), y(t), z(t)), a ≤ t ≤ b.

ex(t), y(t), z(t)'u tk��k ��ëY�ê, ·�Ò¡�þ¼êr(t)

�Ck ��þ¼ê. AO�x(t), y(t), z(t)´ t�ëY¼ê�, ¡r(t)´ëY�
þ¼ê.

�r(t) = (x(t), y(t), z(t)), r0 = (x0, y0, z0). XJ¤á

lim
t→t0

x(t) = x0, lim
t→t0

y(t) = y0, lim
t→t0

z(t) = z0,

K¡� tªu t0 �, r(t)�4��r0, P�

lim
t→t0

r(t) = r0.

ØJy²þª�du

lim
t→t0

|r(t) − r0| = 0.

N´y²�þ¼ê�4�äkXe5�:

lim
t→t0

λ(t)r(t) = lim
t→t0

λ(t) · lim
t→t0

r(t);

lim
t→t0

[r1(t) + r2(t)] = lim
t→t0

r1(t) + lim
t→t0

r2(t);

lim
t→t0

[r1(t) · r2(t)] = lim
t→t0

r1(t) · lim
t→t0

r2(t);

lim
t→t0

[r1(t) × r2(t)] = lim
t→t0

r1(t) × lim
t→t0

r2(t).

B.3 ���þþþ¼¼¼êêê������©©©

��þ¼êr(t) = (x(t), y(t), z(t)), a ≤ t ≤ b, e4�

lim
Mt→0

r(t0+ M t) − r(t0)
M t

, t0 ∈ [a, b]
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�3, K¡r(t)�3 t0 ´���, ù�4�¡�r(t)3 t0 ���þ, P�(
dr
dt

)
t0

½r′(t0): (
dr

dt

)
t0

= r′(t0) = lim
Mt→0

r(t0+ M t) − r(t0)
M t

.

l4��½ÂÑu, N´y²eª¤á:(
dr

dt

)
t0

= r′(t0) = (x′(t0), y′(t0), z′(t0)).

er(t)é [a, b]¥z�� t�Ñ´���, K§¡�3 [a, b]þ´���.

ØJ�y±e��©úª:

(λr)′ = λ′r + λr′; (r1 + r2)′ = r′
1 + r′

2;

(r1 · r2) = r′
1 · r2 + r1 · r′

2; (r1 × r2)′ = r′
1 × r2 + r1 × r′

2;

(r1, r2, r3)′ = (r′
1, r2, r3) + (r1, r

′
2, r3) + (r1, r2, r

′
3).

�þ¼êr(t) = (x(t), y(t), z(t))�©�½Â�ÊÏ¼ê��:

dr = r′(t)dt = (dx(t), dy(t), dz(t)).

éEÜ¼êr = r(t), t = φ(u), K�±�y:

dr

du
=

dr

dt

dt

du
= r′(t)φ′(u).

e�þ¼ê´ü�½�õCþ�¼ê(=§�©þ´ü�½�õCþ�
¼ê)�, aquÊÏêþ¼ê� �ê, �±�� ��þ�Vg. ~X, �
r(u, v) = (x(u, v), y(u, v), z(u, v)), Kk

ru =
∂r

∂u
=

(
∂x

∂u
,
∂y

∂u
,
∂z

∂u

)
, rv =

∂r

∂v
=

(
∂x

∂v
,
∂y

∂v
,
∂z

∂v

)
.

éuEÜ�þ¼êr(u, v) = (x(u, v), y(u, v), z(u, v)), u = u(ū, v̄), v =

v(ū, v̄), K¤áóª{K:

rū = ru
∂u

∂ū
+ rv

∂v

∂ū
, rv̄ = ru

∂u

∂v̄
+ rv

∂v

∂v̄
.
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B.4 ���þþþ¼¼¼êêê���ÈÈÈ©©©

��þ¼êr(t) = (x(t), y(t), z(t)), Kr(t)�Ø½È©´∫
r(t)dt =

(∫
x(t)dt,

∫
y(t)dt,

∫
z(t)dt

)
.

dd, é~êλÚ~�þr0, ØJ�ye�úª:∫
λr(t)dt = λ

∫
r(t)dt;∫

[r1(t) + r2(t)]dt =
∫

r1(t)dt +
∫

r2(t)dt;∫
r0 · r(t)dt = r0 ·

∫
r(t)dt;∫

r0 × r(t)dt = r0 ×
∫

r(t)dt.

Ó��±½Â�þ¼êr(t) = (x(t), y(t), z(t))�½È©:∫ b

a
r(t)dt =

(∫ b

a
x(t)dt,

∫ b

a
y(t)dt,

∫ b

a
z(t)dt

)
.

u´'uêþ¼ê�½È©�Nõ5�Ñ�±á=í2��þ¼ê. AO
/, ef ′(t) = r(t), K ∫ b

a
r(t)dt = f(b) − f(a).
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