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1. ¦V�Ô¡r = {a(u + v), b(u + v), 2uv}�1�Ä�/ª.

)µ ��O���ru = {a, b, 2v}, rv = {a,−b, 2u}. dd��V
�Ô¡�1�aÄ�þ�

E = ru · ru = a2 + b2 + 4v2,

F = ru · rv = a2 − b2 + 4uv,

G = rv · rv = a2 + b2 + 4u2,

ÏÙ1�Ä�/ª

I = (a2 + b2 + 4v2)du2 + 2(a2 − b2 + 4uv)dudv + (a2 + b2 + 4u2)dv2.

¤

2. ¦�Ú¡r = {u cos v, u sin v, bv}�1�Ä�/ª, ¿y²�I�
p�R�.

)µdëê�§O��

ru = {cos v, sin v, 0}, rv = {−u sin v, u cos v, b},

E = r2
u = 1, F = ru · rv = 0, G = r2

u = u2 + b2,

¤±, �Ú¡�1�Ä�/ª�I = du2 + (u2 + b2)dv2. ?dF = 0��
Ú¡��I�p�R�. ¤

3. 31�Ä�/ª�I = ds2 = du2 + sinh2 u dv2 �¡þ, ¦�§�
u = v ���l�.

)µdu = v �du = dv, Ïd

s =
∫ u2

u1

√
du2 + sinh2 udv2 =

∫ u2

u1

√
1 + sinh2 udu

=
∫ u2

u1

cosh udu = sinh u2 − sinhu1.

¤
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4. ���¡�1�Ä�/ª�ds2 = du2 + (u2 + a2)dv2. ¦§þ¡
ü^�u + v = 0, u − v = 0���(5¿µ)dK�, ØI���¡�
�§Ú¡�/G).

)µ'u�u + v = 0, -u = u1, v = v1, Kdu1 = −dv1; 'u�
u − v = 0, -u = u2, v = v2, Kdu2 = dv2. �d�����θ, K

cos θ = ± Edu1du2 + F (du1dv2 + du2dv1) + Gdv1dv2√
Edu2

1 + Fdu1dv1 + Gdv2
1

√
Edu2

2 + Fdu2dv2 + Gdv2
2

.

dds2 = du2 + (u2 + a2)dv2 ��

E = 1, F = 0, G = u2 + a2.

u´
cos θ = ±u2 + a2 − 1

u2 + a2 + 1
.

r�u + v = 0�u − v = 0�:���Iu = 0, v = 0�\þª��
����{u�

cos θ = ± u2 + a2 − 1
u2 + a2 + 1

∣∣∣∣
u=0,v=0

= ±a2 − 1
a2 + 1

.

¤

5. ¦¡z = axy þ�I�x = x0 Úy = y0 ����.

)µÄkN´¦�¡�1�Ä�/ª�

I = (1 + a2y2)dx2 + 2a2xydxdy + (1 + a2x2)dy2.

Ïd�I�x = x0 Úy = y0 ���{u�

cos θ = ± F√
EG

∣∣∣∣
x=x0,y=y0

= ± a2x0y0√
1 + a2y2

0

√
1 + a2x2

0

.

¤

6. ¦u−�Úv−���;���©�§.

)µéu -�kdu : dv = 1 : 0, �§���;�����δu : δv, K
dü������¿�^�

Eduδu + F (duδv + dvδu) + Gdvδv = 0,
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�u−����;��©�§�Eδu + Fδv = 0. Ó�, v−����;�
�©�§�Fδu + Gδv = 0. ¤

7. 3¡þ�:, ¹du, dv ��g�§Pdu2 + 2Qdudv + Rdv2 = 0(
½ü���� (du : dv)Ú (δu : δv) , y²ùü���p�R��¿�^�´

ER − 2FQ + GP = 0.

y²µü���du : dv Úδu : δv ���¿�^�´

Eduδu + F (duδv + dvδu) + Gdvδv = 0,

��«�{=

E

(
du

dv

δu

δv

)
+ F

(
du

dv
+

δu

δv

)
+ G = 0.

ò®���g�§�¤

P

(
du

dv

)2

+ 2Q

(
du

dv

)
+ R = 0,

K§�ü��, P� du
dv , δu

δv , þA÷vþã�§, d��Xê�'X�,

du

dv

δu

δv
=

R

P
,

du

dv
+

δu

δv
= −2Q

P
.

Ïd, ùü���R��¿�^��

E

(
R

P

)
+ F

(
−2Q

P

)
+ G = 0,

=

ER − 2FQ + GP = 0.

¤

8. y²¡��I����©�;���©�§�Edu2 = Gdv2.

y²µP¡�ëê�§�r = r(u, v), Ku−����� (1 : 0), v−
����� (0 : 1).
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��I����©�;����� (du : dv), §�u−��Y��θ1,

�v−��Y��θ2, K

cos θ1 = ±Edu + Fdv√
I
√

E
,

cos θ2 = ±Fdu + Gdv√
I
√

G
.

;�÷v
cos θ1 = ± cos θ2,

=k
Edu + Fdv√

I
√

E
= ±Fdu + Gdv√

I
√

G
.

�n�
E(EG − F 2)du2 = G(EG − F 2)dv2,

5¿�EG − F 2 6= 0, �kEdu2 = Gdv2. ¤

9. �¡�1�Ä�/ª�ds2 = du2 + (u2 + a2)dv2 , ¦Ñ¡þd
n^�u = ±av, v = 1��¤¤�n�/�¡È.

)µ¡þn^�u = ±av, v = 1��ue�n:µA(u = 0, v =

0), B(u = a, v = 1), C(u = −a, v = 1). u´>n�/ABC �¡È´

S =
∫∫

D

√
EG − F 2 dudv

=
∫∫

D

√
u2 + a2 dudv

= 2
∫ a

0

√
u2 + a2 du

∫ 1

u
a

dv

= 2
∫ a

0
(1 − u

a
)
√

u2 + a2 du

=
[
u
√

u2 + a2 + a2 ln(u +
√

u2 + a2) − 2
3a

(u2 + a2)3/2

]a

0

=

[
2
3
−

√
2

3
+ ln(

√
2 + 1)

]
a2.

¤
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10. ¦¥¡r(θ, ϕ) = {a cos ϕ cos θ, a cos ϕ sin θ, a sinϕ}�¡È.

)µN´¦�¥¡�1�Ä�/ª�

I = ds2 = a2(dϕ2 + cos2 ϕdθ2),

Ïd, ¥¡�¡È�

S = 8
∫ π

2

0

∫ π
2

0

√
EG − F 2dθdϕ

= 8a2

∫ π
2

0

(∫ π
2

0
cos ϕdϕ

)
dθ

= 4πa2.

¤

11. y ² Ú ¡x = u cos v, y = u sin v, z = u + v � ^ =  ¡x =

t cos θ, y = t sin θ, z =
√

t2 − 1��åéA�θ = arctan u + v

t =
√

u2 + 1.

y²µ²LO��±��Ú¡�1�Ä�/ª�

I1 = 2du2 + 2dudv + (1 + u2)dv2,

^=¡�1�Ä�/ª�

I2 =
2t2 − 1
t2 − 1

dt2 + t2dθ2.

·���y², éA θ = arctan u + v,

t =
√

u2 + 1,

U¦I1 = I2, lü¡�å.

Äk, d t =
√

u2 + 1�,

t2 = u2 + 1,
2t2 − 1
t2 − 1

=
2u2 + 1

u2
,
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Ùg
∂θ

∂u
=

1
1 + u2

,
∂θ

∂v
= 1,

∂t

∂u
=

u√
u2 + 1

,
∂t

∂v
= 0.

¤±

dt2 =
(

∂t

∂u
du +

∂t

∂v
dv

)2

=
u2

u2 + 1
du2,

dθ2 =
(

∂θ

∂u
du +

∂θ

∂v
dv

)2

=
1

(1 + u2)2
du2 +

2
1 + u2

dudv + dv2.

u´, òþª�\1�Ä�/ªI2 ¥��O��±��

I2 =
2t2 − 1
t2 − 1

dt2 + t2dθ2

= 2du2 + 2dudv + (1 + u2)dv2

= I1.
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