
��[���?°¬�§5�©AÛ6�ä] 1

555���©©©AAAÛÛÛ666111 53 ���SSSKKK)))���

1. ¦�ÎÚ�x = a cos t, y = a sin t, z = bt3?¿:���²¡�§.

) P�ÎÚ��ëê�§�r(t) = {a cos t, a sin t, bt} , K

r′(t) = {−a sin t, a cos t, b}, r′′(t) = {−a cos t,−a sin t, 0},

¤±r(t)3?¿:?���²¡�§�∣∣∣∣∣∣∣∣
X − a cos t Y − a sin t Z − bt

−a sin t a cos t b

−a cos t −a sin t 0

∣∣∣∣∣∣∣∣ = 0,

Ðm�n��

(b sin t)X − (b cos t)Y + aZ − abt = 0.

¤

2. ¦�x = t sin t, y = t cos t, z = tet 3�:���²¡, {²¡, l
�²¡, ��, Ì{�, B{��§.

) d¤���ëê�§r(t) = {t sin t, t cos t, tet}, kO�Ñ

r′(t) = {sin t + t cos t, cos t − t sin t, et + tet},

r′′(t) = {2 cos t − t sin t,−2 sin t − t cos t, 2et + tet}.

d®���§��:éAuëê t = 0�:. ¤±

r(0) = {0, 0, 0}, r′(0) = {0, 1, 1}, r′′(0) = {2, 0, 2}.

�, �r(t)3�:�n�Ä��þ�

α(0) =
r′(0)
|r′(0)|

=
1√
2
{0, 1, 1},

γ(0) =
r′(0) × r′′(0)
|r′(0) × r′′(0)|

=
1√
3
{1, 1,−1},

β(0) = γ(0) × α(0) =
1√
6
{2,−1, 1}.
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u´, �3�:?�Ä�nc/�
�� x

0 = y
1 = z

1 , Ì{�x
2 = y

−1 = z
1 , B{�x

1 = y
1 = z

−1 ,

{²¡y + z = 0, ��²¡x + y − z = 0, l�²¡2x − y + z = 0. ¤

3. y²�ÎÚ�x = a cos t, y = a sin t, z = bt�Ì{�Úz ¶R��
�.

y{. dur′(t) = {−a sin t, a cos t, b}, Ïd |r′(t)| =
√

a2 + b2, ò
r′(t)ü z���

α =
r′(t)
|r′(t)|

=
1√

a2 + b2
{−a sin t, a cos t, b},

?

β =
dα
ds

|dα
ds |

=
dα
dt

dt
ds

|dα
dt ||

dt
ds |

=
dα
dt

|dα
dt |

= {cos t, sin t, 0}.

l��ÎÚ�3?�:?�Ì{��§�

x − a cos t

cos t
=

y − a sin t

sin t
=

z − bt

0
,

�z ¶þ�ü ¥þe3 = {0, 0, 1}, w,ke3 · β = 0, =e3⊥β, `²�
ÎÚ��Ì{�o�z ¶R�. Ó�, 5¿�é?Û¢ê t, : (0, 0, bt)Q3z

¶þ, �3�ÎÚ��Ì{�þ, =�ÎÚ��Ì{�o�z ¶��. Ïd,

·�y²
�ÎÚ��Ì{�o�z ¶R���.

y{/ y²Ì{��z ¶���ÝK{: ò�ÎÚ��Ì{�ÝK�
xoy ²¡þ�� sin t(x − a cos t) − cos t(y − a sin t) = 0,

z = 0.

w,ÝK�L�:, l3n��m¥, Ì{��z ¶��. ¤

4. 3�x = cos α cos t, y = cos α sin t, z = t sinα�B{�����
ü �, ¦Ùà:|¤�#����²¡.

) -r(t) = {cos α cos t, cos α sin t, t sinα}, Kdr(t)�B{����
ü �þ�à:|¤�#��ëê�§ r̄(t) = r(t) + γ(t). âd, ·
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�k¦�r(t)�B{�þγ, dr′(t) = {− cos α sin t, cos α cos t, sinα}�,

|r′(t)| = 1, ¤± t´g,ëê, �

α = ṙ(t) = {− cos α sin t, cos α cos t, sinα},

β =
r̈(t)
|r̈(t)|

= {− cos t,− sin t, 0},

γ = α × β = {sinα sin t,− sinα cos t, cos α},

u´#��ëê�§�

r̄(t) = {cos(t − α), sin(t − α), t sinα + cos α},

@"#�3ëê� t�:?���²¡�§�∣∣∣∣∣∣∣∣
X − cos(t − α) Y − sin(t − α) Z − t sinα − cos α

− sin(t − α) cos(t − α) sinα

− cos(t − α) − sin(t − α) 0

∣∣∣∣∣∣∣∣ = 0,

Ðm�z{, ���¤¦��²¡�§�

[X sin(t − α) − Y cos(t − α)] sin α + Z = t sinα + cos α.

¤

5. y²¥¡��{²¡ÏL¥�¥%.

y² Ø���5, �¥�¥%�mÃo��IX��I�:O, ¿
�¥¡�(=d�á3��¥¡þ)�g,ëê�§�r = r(s), K
|r(s)| = ~ê(=¥��») , =r · r = ~ê , ü>'ul�s¦�, �

r · α = 0. (5.1)

�ρ(x, y, z)´r(s){²¡þ?�:��», K��{²¡�§�

(ρ − r(s)) · α = 0,

d (5.1)w,¥%÷v{²¡�§, Ïd{²¡ÏL¥�¥%. ¤
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5P: ·K5�_·K½¤á, =e��¤k{²¡ÏL½:, K
��¥¡�. u´·�k: ��¥¡��¿�^�´§�¤k{²¡
ÑÏL½:.

6. y²L�:²1u�ÎÚ�r(t) = {a cos t, a sin t, bt}�B{���
�;,´I¡a2(x2 + y2) = b2z2.

y² ��O���

r′ × r′′ = {ab sin t,−ab cos t, a2},

d)ÛAÛ�, L�:�²1ur(t)�B{��üëê��q�
x = ub sin t,

y = −ub cos t,

z = ua,

Ù¥u�ëê, �� t�� x2 + y2 = b2u2,

z2 = a2u2,

��u�
a2(x2 + y2) = b2z2.

¤
��±lL�:, ²1u�ÎÚ��B{�����§¥����ëê

�¤¦�;,�§.

7. ¦±e��ÇÚLÇ.

(1) r(t) = {a cosh t, a sinh t, at}, (a > 0);

(2) r(t) = {a(3t − t3), 3at2, a(3t + t3)}, (a > 0).

) (1) dëê�§��

r′ = {a sinh t, a cosh t, a},

r′′ = {a cosh t, a sinh t, 0},

r′′′ = {a sinh t, a cosh t, 0},
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¤±
r′ × r′′ = {−a2 sinh t, a2 cosh t,−a2},

|r′ × r′′| =
√

2a2 cosh t,

(r′, r′′, r′′′) = a3,

|r′| =
√

2 a cosh t.

u´, VÚ��Çk ÚLÇτ ©O�

k =
|r′ × r′′|
|r′|3

=
√

2 a2 cosh t

2
√

2a3 cosh3 t
=

1
2a cosh2 t

,

τ =
(r′, r′′, r′′′)
(r′ × r′′)2

=
a3

2a4 cosh2 t
=

1
2a cosh2 t

.

(2) dëê�§��

r′ =
{
a(3 − 3t2), 6at, a(3 + 3t2)

}
,

r′′ = {−6at, 6a, 6at},

r′′′ = {−6a, 0, 6a}.

¤±
r′ × r′′ = 18a2

{
t2 − 1,−2t, t2 + 1

}
,

|r′ × r′′| = 18
√

2a2(t2 + 1),

(r′, r′′, r′′′) = 216a3,

|r′| = 3
√

2a(t2 + 1).

u´, ��Çk ÚLÇτ ©O�

k =
|r′ × r′′|
|r′|3

=
1

3a(t2 + 1)2
,

τ =
(r′, r′′, r′′′)
(r′ × r′′)2

=
1

3a(t2 + 1)2
.

¤

8. �r(t) = {cos3 t, sin3 t, cos 2t}, ¦:

1) Ä��þα, β, γ;

2) ÇÚLÇ;
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3) �yFrenetúª.

) Äkd��ëê�§¦Ñ

r′(t) =
1
2

sin 2t{−3 cos t, 3 sin t,−4},

r′′(t) = {6 cos t sin2 t − cos3 t, 6 sin t cos2 t − 3 sin3 t,−4 cos 2t}.

Ï���l�s =
∫ t
0 | r′(t) | dt =

∫ t
0

5
2 sin 2tdt, ¤±

ds

dt
=

5
2

sin 2t,
dt

ds
=

2
5 sin 2t

.

¤±
ṙ =

dr

ds
=

dr

dt
· dt

ds
=

1
5
{−3 cos t, 3 sin t,−4}

du

r′′(t) = (ṙ)′
ds

dt
+ ṙ

d2s

dt2
=

dṙ

ds

(ds

dt

)2 + ṙ
d2s

dt2
= r̈

(ds

dt

)2 + ṙ
d2s

dt2
,

¤±

r̈ =
r′′ − ṙ d2s

dt2(
ds
dt

)2 =
2

25 sin 2t
{3 sin t, 3 cos t, 0} .

1) ¦Ä��þα, β, γ. d½Â

α = ṙ =
1
5
{−3 cos t, 3 sin t,−4},

β =
r̈

|r̈|
= {sin t, cos t, 0},

γ = α × β =
1
5
{4 cos t,−4 sin t,−3}.

2) O�Çk ÚLÇτ dÇ�½Â, �

k(s) = |r̈| =
6

25 | sin 2t |
,

�
O�LÇ, ·�kO� α̇, β̇, γ̇,

α̇ =
dα

ds
=

dα

dt
· dt

ds
=

6
25 sin 2t

{sin t, cos t, 0},

β̇ =
dβ

ds
=

dβ

dt
· dt

ds
=

2
25 sin 2t

{cos t, sin t, 0},

γ̇ =
dγ

ds
=

dγ

dt
· dt

ds
=

8
25 sin 2t

{− sin t,− cos t, 0}.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä] 7

dLÇ�½Â, 5¿� γ̇ �β ´Ó��´É��ûu sin 2t��K, e sin 2t�
�, K γ̇ �β É�¶e sin 2t�K, K γ̇ �β Ó�. ÃØÛ«�¹Ñk

τ(s) =
8

25 sin 2t
.

3) �yFrenetúª

dþã�ª, w,kα̇ = k(t)β, γ̇ = −τ(t)β, ��, N´O�

−k(t)α + τ(t)γ =
2

5 sin 2t
{cos t,− sin t, 0} = β̇.

¤

9. y²: XJ��¤k��Ñ²L�½:, Kd����.

y{. �����ëê�§�r = r(t), ρ´��þ?�:��»,

K?¿�:?����§�

ρ − r(t) = λ(t)r′(t), (λ(t) 6= 0).

e���ÑL½:r0, K

r0 − r(t) = λ(t)r′(t),

ü>'u t¦�, �

0 = (1 + λ′(t))r′(t) + λ(t)r′′(t),

duλ(t)Ø�", �þªL²r′(t)�r′′(t)�5�', lr′(t) × r′′(t) = 0,

u´��Çk(t) ≡ 0, =T����.

y{/ ���g,ëê�§�r = r(s), ¿���þ6Ä:�»¥
�ρ, K���§�

ρ − r(s) = λ(s)α, (λ(s) 6= 0)

dK���L½:, �½:�r0, K

r0 − r(s) = λ(s)α,
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ü>'us¦�, �

0 = (1 + λ′(s))α + λ(s)k(s)β,

α ⊥ β , �1 + λ′(s) = 0, �λ(s)k(s) = 0, e�þ,:?k(s) 6= 0, d�
ª7Lλ(s) = 0, ù�cªgñ. u´k(s) ≡ 0, =T����. ¤

10. y²: XJÇ??Ø�"���¤k��²¡Ñ²L�½:,

Kd��²¡�.

y². �����ëê�§�r = r(t), ¿���²¡þ6Ä:�
»¥�R, K��²¡�§�

(R − r(t), r′(t), r′′(t)) = 0.

|^��²¡L½:�^�, Ø���5�½:��I�:, K

(r(t), r′(t), r′′(t)) = 0, (1)

þªü>'uëê t¦�, �

(r(t), r′(t), r′′′(t)) = 0, (2)

d(1), (2)�r′(t), r′′(t), r′′′(t)�¡, =k

(r′(t), r′′(t), r′′′(t)) = 0.

u´, LÇτ(t) ≡ 0, =��²¡�.

y{/ ���g,ëê�§�r = r(s), ¿���²¡þ6Ä:�
»¥�R, K��²¡�§�

(R − r(s)) · γ = 0.

dK���²¡L½:, Ø���5�½:��I�:, K

r(s) · γ = 0, (3)

ü>'ul�s¦�, �
τ(s)r(s) · β = 0. (4)
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���3,:?τ(s) 6= 0, Kd(4)ªr(s) ⊥ β, d(3)r(s) ⊥ γ, ¤±
r(s) ‖ β×γ, =r(s) ‖ α, ù�r(s)×α = 0, ü>és¦�, �k(s)r(s)×β = 0,

k(s)??Ø�", u´r(s) × β = 0, ù�r(s) × α = 0gñ.

þãgñ`²��LÇτ(s) ≡ 0, =��²¡�. ¤

11. y²: e��¤k{²¡�¹�"~�þe, K�´��½²
¡�.

y². ���g,ëê�§�r = r(s), dK�

e · α = 0,

eα´~�þ, K��Çk ≡ 0, =����. ÄK, du

d

ds
(r(s) · e) = α · e = 0,

=r(s) · e = p0 (~ê), �é{`, ��²¡�.

y²/ é��ëê�§r = r(t), dK�

r′(t) · e = 0.

ü>'u tëY¦���

r′′(t) · e = 0, r′′′(t) · e = 0,

±þnª`²r′(t), r′′(t), r′′′(t)�¡, lτ(t) ≡ 0, ��²¡�. AO
/, XJr′(t) ‖ r′′(t), Kk(t) ≡ 0, d�����.

y²0 dK� (e, β, γ) = 0, 'ul�¦�, ¿|^Frenetúª�

k(s)(e, α, γ) = 0.

e (e, α, γ)Ø�¡, Kk ≡ 0, ����. ÄK, e ‖ γ, =��B{�þγ

�~�þ, d���²¡�. ¤

12. y²: ~Ç�m�Ç¥%�;,E´Ç�u~ê��.

y². ��m��g,ëê�§�r = r(s), ÙÇk �~ê, L
Ç�τ , �âÇ¥%�½Â, r = r(s)�Ç¥%�;,�

r∗(s) = r(s) +
β(s)
k

(5¿:s¿�l�ëê).
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�§ü>'us¦�, �

dr∗

ds
= α +

1
k
(−kα + τγ) =

τ

k
γ,

2gés¦�, k
d2r∗

ds2
=

τ ′

k
γ − τ2

k
β,

u´

dr∗

ds
× d2r∗

ds2
=

(τ

k
γ
)
×

(
τ ′
k

γ − τ2

k
β

)
= −τ3

k2
(γ × β) =

τ3

k2
α.

��, r∗(s)�Ç�

k∗ =
|dr∗

ds × d2r∗

ds2 |
|dr∗

ds |3
=

|τ3|
k2

|τ3|
k3

= k (~ê).

y²/ ��C : r = r(s)´~Ç�k(6= 0)��K�, ÙÇ¥
%�;,�§�

C̄ : r̄(s) = r(s) +
1
k
β(s). (12.1)

5¿s¿� C̄ �l�ëê. � C̄ �l�ëê� s̄, Ç� k̄. (12.1)ªü>é s̄

¦�¿|^Frenetúª�
ᾱ =

τ

k

ds

ds̄
γ,

=
ᾱ = ±γ, (12.2)

�
ds

ds̄
= ±k

τ
. (12.3)

(12.2)ªü>2é s̄¦�, ¿ò (12.3)ª�\�

k̄β̄ = ±kβ,

ü>����� k̄ = k. ¤

13. y²�x = 1 + 3t + 2t2, y = 2 − 2t + 5t2, z = 1 − t2 �²¡�,

¿¦Ñ§¤3�²¡�§.
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y² -r(t) = {1 + 3t + 2t2, 2 − 2t + 5t2, 1 − t2}, K

r′(t) = {3 + 4t,−2 + 10t,−2t},

r′′(t) = {4, 10,−2},

r′′′(t) = {0, 0, 0}.

u´, �r(t)�LÇτ(t)�

τ(t) =
(r′, r′′, r′′′)
(r′ × r′′)2

≡ 0.

=��²¡�.

±e·�^ü«�{¦T�¤3�²¡�§.

�{. Ï���²¡�, ¤±T�¤3²¡�Ð´§���²
¡, 3�þ��: (0, 9, 0), (éA�ëê t = −1), K��²¡�§�∣∣∣∣∣∣∣∣

x y − 9 z

3 + 4t −2 + 10t −2t

4 10 −2

∣∣∣∣∣∣∣∣ = 0, = 2x + 3y + 19z − 27 = 0.

�{/ À�þn:P1(6, 5, 0), P2(0, 9, 0), P3(1, 2, 1), dP1, P2, P3

n:(½�²¡�Ð´�¤3�²¡, Ù�§�∣∣∣∣∣∣∣∣
x − 1 y − 2 z − 1

−1 7 −1

5 3 −1

∣∣∣∣∣∣∣∣ = 0, = 2x + 3y + 19z − 27 = 0.

¤

14. �3ü^�Γ,Γ�:�mïá
��éA'X, ¦¦�3éA:
���²1, y²¦�3éA:�Ì{�9B{��©O²1.

y² �ü^éA�ΓÚΓ�g,ëê�§©O´r = r(s)Úr =

r(s) , Ù¥sÚs©O´éA��g,ëê, PΓÚΓ3éA:�Ä��þ
©O�α, β, γ Úα, β, γ, Ç©O�k Úk, �âK��

α ‖ α,
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=
α = ±α,

þªü>Ó�'uëês¦�, �

dα

ds
= ±dα

ds
= ±dα

ds
· ds

ds
.

|^Frenetúª, þª=
kβ = ±ds

ds
k · β

u´β ‖ β, ��duγ = α × β, γ = α × β, ¤±γ ‖ γ. ¤

15. �3ü^�Γ,Γ�:�mïá
��éA'X, ¦§�3éA:
�Ì{�o´p�²1, y²§�3éA:����¤�½�.

y² �ü^éA�ΓÚΓ�g,ëê�§©O´r = r(s)Úr =

r(s),Ù¥sÚs©O´éA��g,ëê, PΓÚΓ3éA:?�Ä��
þ©O´α, β, γ Úα, β, γ, Ç©O�k Úk, LÇ©O�τ Úτ . dK��

β ‖ β

=
β = ±β (15.1)

�ΓÚΓ3éA:���m�Y��ϕ, K

cos ϕ =
α · α

| α || α |
= α · α

e¡·�5y²α · α�ëêsÚsÑÃ', lϕ´½�. ¯¢þ

d(α · α)
ds

=
dα

ds
· α + α · dα

ds

= ·→ α · α + α · dα

ds
· ds

ds

= kβ · α +
ds

ds
kα · β

é (15.1)ªü>�α�SÈ, ��β ·α = 0, �α�SÈ, ��α · β = 0. u´
þª=�

d(α · α)
ds

= 0, (15.2)
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aq�ín, ·��±��
d(α · α)

ds
= 0, (15.3)

(15.2), (15.3)üª=`², α · α´�ëêsÚsÃ'�þ. ¤

16. e�Γ�Ì{�´�Γ�B{�, Γ�Ç!LÇ©O´k, τ ,

¦y: k = λ0(k2 + τ2), Ù¥λ0 ´~ê.

y² ��Γ�g,ëê�§�r = r(s)�Γ���ëê�§�
r = r(s) (5¿,sØ´Γ�l�). dK8�b�^���

r(s) = r(s) + λ(s)β(s) (16.1)

ò (16.1)ªü>és¦�,¿|^Frenetúª��

dr

ds
= (1 − λk)α + λ′β + λτγ (16.2)

5¿�r ����� dr
ds ⊥ γ, �γ ‖ β, ¤± dr

ds ⊥ β. ù�

0 = β · dr

ds
= (1 − λk)α · β + λ′β · β + λτγ · β = λ′

Ïdλ =~ê(P�λ0 ), �

dr

ds
= (1 − λ0k)α + λ0τγ

�s´Γ�l�, K

α =
dr

ds
=

dr

ds
· ds

ds
=

(
(1 − λ0k)α + λ0τγ

)ds

ds
.

��O�¿|^Frenetúª, N´��

dr

ds
= {−λ0k

′α+[k(1−λ0k)−λ0τ
2]β+λ0τ

′γ}
(

ds

ds

)2

+[(1−λ0k)α+λ0τγ]
d2s

ds2 ,

Ï� dr
ds = kβ, qβ ⊥ β, Ïdòþªü>�β �SÈ, �

0 = β · dr

ds
= [(1 − λ0k)λ0τ

2]
(

ds

ds

)2

,
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� ds
ds 6= 0, l (1 − λ0k)k − λ0τ

2 = 0, =

λ0(k2 + τ2) = k.

5P ÷vK�^���Γ¡���M0�. ¯¢þ, TK�_·
K�¤á. =k: 3K�^�e, �Γ���M0��¿�^�´

λ0(k2 + τ2) = k,

Ù¥λ0 ´~ê.

�y²¿©5, ���Γ : r(s) = r(s) + λ0β(λ0 ´^�¥�½�~
ê). ·�5y²Xd�Ñ��Γ�B{�γ ÜuΓ�Ì{�.

r′ = (1 − λ0k)α + λ0τγ,

r′′ = −λ0k
′α + (1 − λ0k)kβ + λ0τ

′γ − λ0τ
2β,

= −λ0k
′α + λ0τ

′γ

γ ‖r′ × r′′ = −λ0τ
′(1 − λ0k)β − λ0τk′β.

¤±Γ���M0�. ¤

17. �r = {a(t − sin t), a(1 − cos t), 4a cos t
2}3@
:�Ç�»�

�?

) �k5¦�3?�:?�Ç. �d, N´O���

r′(t) = {a(1 − cos t), a sin t,−2a sin
t

2
},

r′′(t) = {a sin t, a cos t,−a cos
t

2
}.

Ïd
r′ × r′′ = {−2a2 sin3 t

2
,−2a2 cos

t

2
sin2 t

2
,−2a2 sin2 t

2
}

|r′ × r′′| = 2
√

2a2 sin2 t

2
, |r′| = 2

√
2a| sin t

2
|

¤±, Ç�

k =
|r′ × r′′|
|r′|3

=
2
√

2a2 sin2 t
2

16
√

2a3| sin3 t
2 |

=
1

8a| sin t
2 |

.
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u´, �3?�:?�Ç�»�8a| sin t
2 |��=� sin t

2 = ±1, =
t = ±π �, Ç�»��.

� t = π �,

x = aπ, y = 2a, z = 0;

� t = −π �,

x = −aπ, y = 2a, z = 0.

Ïd, �½�3: (aπ, 2a, 0)Ú (−aπ, 2a, 0)?, Ç�»��. ¤

18. ®��C(∈ C3) : r = r(s)þ�:r(s0)��C�:r(s0 + ∆s) .

¦:r(s0 + ∆s)�:r(s0)���²¡, {²¡, l�²¡�ål. (�r(s0)

:�Ç, LÇ©O�k0, τ0).

) ��3r(s0):�Ä��þ�α0, β0, γ0, KdÛÜ5�/ª

r(s0+ Ms) − r(s0) ≈ α0 Ms +
1
2
k0(Ms)2β0 +

1
6
k0τ0(Ms)3γ0

á=��:

:r(s0+∆s)�:r(s0)���²¡�ål= |γ0 ·(r(s0+ Ms)−r(s0))| =
1
6k0τ0(M s)3. �:r(s0)�{²¡�ål= |α0 · (r(s0+ M s) − r(s0))| =M s.

�:r(s0)�l�²¡�ål= |β0 · (r(s0+ Ms) − r(s0))| = 1
2k0(Ms)2. ¤

19. XJ�Γ : r = r(s)���Ú�, α,β �Γ����þÚÌ{�
þ, R�Γ�Ç�». y² Γ̄ : r̄(s) = Rα −

∫
β ds�´��Ú�.

y²: Äk5¿s¿Ø�½´ γ̄ �g,ëê, u´

r̄′(s) = R′α + Rα̇ − β

= R′α + Rkβ − β

= R′α

¤±, Γ̄�Γ���þ²1, = ᾱ ‖ α.

dΓ´��Ú��, α��½��¤½�,  ᾱ ‖ α, � ᾱ���½��
¤½�, Ïd Γ̄�´��Ú�. ¤

20. y²�^�r = r(s)���Ú��¿�^�´ (r̈,
...
r , r(4)) ≡ 0.
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y²: |^Frenetúª��O�Xe

α̇ = kβ,

α̈ = k′β − k2α + kτγ,

...
α = −3kk′α + (k′′ − k3 − kτ2)β + (2k′τ + kτ ′)γ,

u´
(r̈,

...
r , r(4)) = (α̇, α̈,

...
α)

=

∣∣∣∣∣∣∣∣
0 k 0

−k2 k′ kτ

−3kk′ k′′ − k3 − kτ2 2k′τ + kτ ′

∣∣∣∣∣∣∣∣
= k3(kτ ′ − τk′)

= k5 d

ds

(τ

k

)
,

�´��Ú��¿�^�´Ç�LÇ¤½', ·K�y. ¤

21. y²�^����Ø�UÓ�Ñ´,�^����.

y²: ��Γ : r = r(s) (s�l� )� Γ̄ : r̄ = r̄(s) (s¿�l� )k�Ó
���, K

r̄(s) = r(s) + λ(s)α(s),

'us�©þª, �
dr̄

ds
= α + λ′α + λkβ,

5¿� dr̄
ds ‖ ᾱ, ��±����, 7Lλk = 0. eλ = 0, KΓ� Γ̄�Ó�^

�, Ïdk = 0, d�Γ� Γ̄��é²1��. ¤

22. �3ü^�C Ú C̄ �:�mïá
��éA'X, ¦§�3éA
:���²1. y²§�3éA:�Ì{�9B{��©O²1, �§�
�LÇÚÇÑ¤'~, ÏdXJC ´��Ú�, C̄ �´��Ú�.

y²: �C �g,ëê�§�r = r(s), (C̄)�g,ëê�§� r̄ =

r̄(s̄), KdK�^�α ‖ ᾱ, =

α = ±ᾱ,
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þªü>Ó�'us¦�, �

kβ = ±ds̄

ds
k̄β̄,

u´β ‖ β̄,γ ‖ γ̄.

��¡, dukβ = ±ds̄
ds k̄β̄, K ds̄

ds = k
k̄
; ,��¡Ï�γ ‖ γ̄, ¤±

γ = ±γ̄, ü>és¦��
τβ = ∓ds̄

ds
τ̄ β̄,

u´k
ds̄

ds
=

τ

τ̄
,

(Üü�¡k
k

k̄
=

τ

τ̄
, ½

k

τ
=

k̄

τ̄
,

âd, XJC ���Ú�, C̄ ����Ú�(½��½¤á). ¤
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