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1. ¦�����I��ÿ/Ç.

){.: é¡r = r(u, v)�u−�Úv−�, ©Ok

dv

ds
= 0,

du

ds
=

1√
E

;

du

ds
= 0,

dv

ds
=

1√
G

.

dÿ/Çúª¦�

kgu = Γ2
11

(
du

ds

)3 √
EG − F 2 = Γ2

11

√
EG − F 2

E
√

E
,

kgv = −Γ1
22

(
dv

ds

)3 √
EG − F 2 = −Γ1

22

√
EG − F 2

G
√

G
.

u´éu���I�, dF = 0�

kgu = Γ2
11

√
EG − F 2

E
√

E

=
2EFu − EEv + FEu

2(EG − F 2)

√
EG − F 2

E
√

E

= − Ev

2E
√

G
= − 1

2
√

G

∂ lnE

∂v
,

kgv = −Γ1
22

√
EG − F 2

G
√

G

= −2GFv − GGu + FGv

2(EG − F 2)

√
EG − F 2

G
√

G

=
Gu

2G
√

E
=

1
2
√

E

∂ lnG

∂u
.

){/: ��I�������, dO�ÿ/Ç�Liouvilleúª,

kg =
dθ

ds
− 1

2
√

G

∂ lnE

∂v
cos θ +

1
2
√

E

∂ lnG

∂u
sin θ,

éu -�, θ = 0, K
kgu = − 1

2
√

G

∂ lnE

∂v
,
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év -�, θ = π
2 , K

kgv =
1

2
√

E

∂ lnG

∂u
.

¤

2. y²¥¡r(u, v) = {a cos u cos v, a cos u sin v, a sinu}þ��ÿ/
Çkg = dθ

ds − sin u dv
ds , Ù¥θ L«��²����.

y²µ��O���¥¡�1�aÄ�þ�

E = a2, F = 0, G = a2 cos2 u.

Ï�¥¡�²��¥¡3K�ëêL«e�u -�, ¤±θ =�����
��ru �Y�, u´dÿ/Ç�Liouvilleúª

kg =
dθ

ds
− 1

2
√

G

∂ lnE

∂v
cos θ +

1
2
√

E

∂ lnG

∂u
sin θ,

5¿�
∂ lnE

∂v
= 0,

∂ lnG

∂u
=

−2 sin u

cos u
,

¤±
kg =

dθ

ds
− sin θ

a cos u
sinu,


dv

ds
=

sin θ√
G

=
sin θ

a cos u
,

u´
kg =

dθ

ds
− sinudv

ds
.

¤

3. ¦ u�»�R�¥¡þ�»�a��±��ÿ/Ç (a < R).

)µÄk�»�R�¥¡þ?Û:?÷?¿���{Çkn = ± 1
R ,

Ùþ�»�a��±��Çk = 1
a , dúªk2

g = k2 − k2
n �

kg = ±
√

1
a2

− 1
R2

= ± 1
aR

√
R2 − a2.

¤±�»�R�¥¡þ�»�a��±��ÿ/Çkg = ± 1
aR

√
R2 − a2.
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dd��, �»�R�¥¡þ�¤k�±�¥, �k���´ÿ/
�. ÷���, ÙÌ{�þ²1u¥¡�{�. éu��¡þ�L
�, ÙÌ{�þ²1u¡�{�þ´T�¤�ÿ/��¿�^�. ¤

4. ¦Ú¡r = {u cos v, u sin v, av}þÚ�r = {u0 cos v, u0 sin v, av} (

u0 =~ê) �ÿ/Ç.

)µN´���Ú¡�1�Ä�/ª�

I = du2 + (u2 + a2)dv2,

dF = 0�u−�Úv−���, lv−��ÿ/Ç�

kgv =
Gu

2G
√

E
=

u

(u2 + a2)
.

¤±�ÎÚ�x = u0 cos v, y = u0 sin v, z = av ���Ú¡þ�v �, Ùÿ
/Ç�

kgv |u=u0
=

u0

u2
0 + a2

.

¤

5. �¡S þÇ�C, C þ�:P Ø´S ��Ô:. y²C 3:P �
ÿ/Ç�ýé��u3S �¥¡N�eC ��3éA:�ÿ/Ç�C

3:P �{Ç�È�ýé�.

y²µ��C �GaussN�¥¡���C∗, PÙÇ!ÿ/
Ç!{Ç©O�k∗, k∗

g , k
∗
n. Kw,kk∗

n = ±1, �k∗
g
2 = k∗2−k∗

n
2 = k∗2−1.

±eO�¥¡��r∗(s) = n(s)�Çk∗.

ÏC ´Ç�, dRodriquesúª�

dn

ds
= −kn

dr

ds
= −knα. (5.1)

u´
d2n

ds2
= −dkn

ds

dr

ds
− kn

d2r

ds2

= −dkn

ds
α − knkβ.

(5.2)
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A^ (5.1)Ú (5.2)Xe��O��

k∗ =
|dr∗

ds × d2r∗

ds2 |
|dr∗

ds |3
=

|dn
ds × d2n

ds2 |
|dn
ds |3

=
|kk2

n|
|kn|3

=
k

|kn|
.

��

k∗
g
2 = k∗2 − 1 =

k2

k2
n

− 1 =
k2

g

k2
n

,

= |kg| = |k∗
gkn|. ¤

6. e¡S : r = r(u, v)þ� (C) : u = u(t), v = v(t), t�� (C)þ
?¿ëê. Á�Ñÿ/Çkg �O�úª.

)µ

7. ¦y^=¡�fÌ�´ÿ/�, ²1�=�fÌ����²1
u^=¶�´ÿ/�.

y²µ�xoz ²¡¥��^�

C :

x = f(v),

z = g(v),

7z ¶^=�±����^=¡��§�

r(u, v) = {f(v) cos u, f(v) sin u, g(v)},

w,^=¡�u -����, v -��²�, ½¡�fÌ�, u´¦�

ru = {−f sinu, f cos u, 0}, rv = {f ′ cos u, f ′ sinu, g′};

l1�Ä�/ª�

I = ds2 = f2du2 + [(f ′)2 + (g′)2]dv2,

ÏF = 0, ¤±^=¡�ùüxëê�´���, d����ÿ/
Ç�Liouvilleúª, év -ëê�

kgv =
1

2
√

E

∂ lnG

∂u
= 0,
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ù`²fÌ�´ÿ/�. ¤±^=¡�fÌ�´ÿ/�. Ó�éu -ëê
�

kgu = − 1
2
√

G

∂ lnE

∂v
= − f ′

f
√

(f ′)2 + (g′)2
.

dd���¤�ÿ/�, ��=�f ′ = 0, �é{`=Lù
��þ?Û:
�1�3T:����^=¶²1.

éu^=¡þÿ/��?�ÚïÄ, ë�5��¡��©A
Û6P251−254. ¤

8. ¦y:

(1) XJÿ/�Ó��ìC�, K§´���.

(2) XJÿ/�Ó��Ç�, K§´�²¡�.

y²µ(1) e��ÿ/�, Kkg = 0; e�ìC�, Kkn = 0, dú
ªk2 = k2

g + k2
n �k = 0, ����.

(2) �ÿ/�Γ�LÇ�τg, d�Ø�Frenetúª��

τg =
dβ

ds
γ = β̇(α × β) = (β̇,α,β),

ùpα´Γ�ü ��þ, β ´Ì{��þ, γ ´B{�þ.

dΓ´ÿ/�, kg = ±k sin θ = 0, Ù¥θ ´β �¡�{�þ�m�Y
�. ek = 0, ·K¤á. e¡b�k 6= 0, K sin θ = 0, u´θ = 0½θ = π, =
Γ�Ì{��þβ ²1u¡�{�þn. u´β = ±n. Ïd��

τg =
(

dn

ds
,α,n

)
=

(
dn

ds
× dr

ds

)
n

=
1√

EG − F 2

(
dn

ds
× dr

ds

)
(ru × rv)

=
1√

EG − F 2

[(
dn

ds
ru

)(
dr

ds
rv

)
−

(
dn

ds
rv

)(
dr

ds
ru

)]
.

,	
dr

ds
= ru

du

ds
+ rv

dv

ds
,

dn

ds
= nu

du

ds
+ nv

dv

ds
,
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rþüª�\z{�

τg =
1√

EG − F 2

∣∣∣∣∣∣∣∣
(dv

ds )2 −du
ds

dv
ds (du

ds )2

E F G

L M N

∣∣∣∣∣∣∣∣
dK�Γq´Ç�, §÷vÇ���©�§, =þªmà�1�ª�
0.Ïdτg = 0, =��²¡�.

,y: é®²���'Xªβ = ±nü>'ul�¦�� dn
ds = ∓kα±

τγ,  dn
ds = −kn

dr
ds , �\¿ü>�γ :È��τ = 0. ¤

5µ rÿ/�Γ3p:�LÇ¡�¡Σ3p:'u����ÿ/L
Ç, Ïd·���(Ø: ¡þ�^�Γ�Ç��¿�^�´�Γ�
z:?'u§�����ÿ/LÇ�".

9. ®�¡�1�Ä�/ªI = v(du2 + dv2). y²§þ¡�ÿ/�´
uv ²¡þ��Ô�.

y²µdK�, E = G = v, F = 0, u´

Ev = Gv = 1, Eu = Gu = 0.

dF = 0�¡��I�´���, dÿ/���©�§�
du
ds = 1√

E
cos θ = 1√

v
cos θ,

dv
ds = 1√

G
sin θ = 1√

v
sin θ,

dθ
ds = 1

2
√

EG
( Ev√

E
cos θ − Gu√

G
sin θ) = 1

2v
du
ds ,

dcü��§�

sin θdu = cos θdv, =
du

dv
= cot θ. (9.1)

d13��§�
dθ =

1
2v

du, (9.2)

d�ª sin θdθ−sin θdθ = 09 (9.1), (9.2)üª�tan θdθ = dv
2v , È©�cos θ =

C√
v
(C �È©~ê ). u´

du

dv
=

C√
v − C2

.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä] 7

¤±

du =
Cdv√
v − C2

,

È©�

u = 2C
√

v − C2, ½ u2 = 4C2(v − C2).

¤¦�ÿ/�3uv ²¡þ´�Ô�. ¤

10. ¦�Ú¡r = {u cos v, u sin v, av}þ�ÿ/�.

)µ��¦��Ú¡�1�Ä�þ�

E = 1, F = 0, G = u2 + a2.

dF = 0��Ú¡��I���, ¿dÿ/���©�§�

dv

du
=

√
E

G
tan θ =

1√
u2 + a2

tan θ (10.1)

dθ

du
=

1
2

√
E

G

∂ lnE

∂v
− 1

2
∂ lnG

∂u
tan θ

= −1
2

d ln(u2 + a2)
du

tan θ.

(10.2)

d (10.2)�

cot θdθ = −1
2
d ln(u2 + a2),

È©�

ln sin θ = −1
2

ln(u2 + a2) + lnC,

u´

sin θ =
C√

u2 + a2
,

cos θ =
√

u2 + a2 − C2

√
u2 + a2

,

dþ¡(J¿�â (10.1)ª�

dv =
Cdu√

u2 + a2 − C2
√

u2 + a2
,
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È©�
v = C

∫ u

u0

du√
u2 + a2 − C2

√
u2 + a2

�¤¦�Ú¡þÿ/�ã���I'Xª. ¤

11. |^Liouvilleúªy²: (1) ²¡þ�ÿ/����; (2) �Î¡þ
�ÿ/���ÎÚ�.

y²µ d����ÿ/���©�§, ²¡I = du2 + dv2 þ�ÿ/�
��©�§� 

dv
du = tan θ

dθ
du = 0

Kkθ = const., v = u tan θ + c (c�È©~ê), =²¡þ�ÿ/�´��.

3�Î¡r(u, v) = {a cos u, a sinu, v}þ,

I = a2 du2 + dv2 = dū2 + dv̄2 (ū = au, v̄ = v).

aqu²¡��/, ���Î¡þÿ/���§�

v̄ = ū tan θ + c ½ v = (a tan θ)u + c,

Ù¥ c�È©~ê, θ �~ê. éA�¥þªëê�§�

r(u) = {a cos u, a sinu, (a tan θ)u + c},

ù�´�Î¡þ��ÎÚ�, =�Î¡þ�ÿ/�´�ÎÚ�, �,�)¤
k�1�(θ = π

2 )Ú��(θ = 0)3S. ¤

12. y²: e¡þÇ??Ø�"�¤kÿ/�þ�²¡�, K§
7�Ç�.

y².µ|^18 K (2) �úª

τg =
1√

EG − F 2

∣∣∣∣∣∣∣∣
(dv

ds )2 −du
ds

dv
ds (du

ds )2

E F G

L M N

∣∣∣∣∣∣∣∣
á=��: τg = 0�¿�^�´þªmà1�ª�0 , =ÿ/�7�Ç�.
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y²/µdÿ/Çkg = 0�β = ±n, ü>'ul�¦�� dn
ds =

±(−kα + τγ), 2(Üτ = 0� dn
ds = ±k dr

ds = ±kn
dr
ds . dRodriquesúª��

(Ø¤á.

y²0µdβ = ±n9�´²¡��b�, N´�y÷ÿ/�, 
¡�{�|¤��Ð¡, lTÿ/�´Ç�. (¡þ�^�´Ç
��¿©7�^�´÷T�, ¡�{�|¤��Ð¡.) ¤

13. XJ3¡þÚ?�ÿ/�I�:

ds2 = du2 + Gdv2,

¦y:

kgds = d

[
tan−1(

√
G

dv

du
)
]

+
∂
√

G

∂u
dv.

y²µdK�, E = 1, F = 0, G = G(u, v), �\Liouville úª

kg =
dθ

ds
− 1

2
√

G

∂ lnE

∂v
cos θ +

1
2
√

E

∂ lnG

∂u
sin θ

=
dθ

ds
+

1
2

∂ lnG

∂u
sin θ

=
dθ

ds
+

√
G

2
∂ lnG

∂u

dv

ds

=
dθ

ds
+

∂
√

G

∂u

dv

ds
.

,��¡
d

[
tan−1(

√
G dv

du)
]

ds
=

d
[
tan−1(

√
E tan θ)

]
ds

=
1

cos2 θ

1 + tan2 θ

dθ

ds

=
dθ

ds
.

¤±

kg =
dθ

ds
+

∂
√

G

∂u

dv

ds

=
d

[
tan−1(

√
G dv

du)
]

ds
+

∂
√

G

∂u

dv

ds
,
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=

kgds = d

[
tan−1(

√
G

dv

du
)
]

+
∂
√

G

∂u
dv.

¤

14. �Ñ¡�1�Ä�/ª´

ds2 = du2 + G(u, v)dv2,

XJ¡þ�ÿ/��u -��u�α�, ¦y

dα

dv
= −∂

√
G

∂u
.

y²µdK�, E = 1, F = 0, G = G(u, v). ÿ/��u−����α, =
ÿ/��ru ����α, òθ = α,E = 1, F = 0, G = G(u, v)�\Liouville

úª�

kg =
dα

ds
+

∂
√

G

∂u

dv

ds
,

éÿ/�, kkg = 0, lþª=�

dα

dv
= −∂

√
G

∂u
.

¤

15. y²: ¡þküxÿ/��u½�, K¡´�Ð¡.

y²µ�üxÿ/��u½�θ , K0 < θ ≤ π
2 . ·��Ù¥�xÿ

/��¡�u -�, v -�d§���;�|¤. dO�ÿ/Ç�
Liouvilleúª, éu -�, kÿ/Ç

kgu = − 1
2
√

G

∂ lnE

∂v
= 0, (1)

é,�xÿ/�, Ó�dLiouvilleúªk,

kg =
dθ

ds
− 1

2
√

G

∂ lnE

∂v
cos θ +

1
2
√

E

∂ lnG

∂u
sin θ = 0, (2)
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dK�^�, θ ´~�, @ol(1)Ú(2)k

1
2
√

E

∂ lnG

∂u
sin θ = 0,

5¿�0 < θ ≤ π
2 , ·�k

1
2
√

E

∂ lnG

∂u
= 0,

½
(
√

G)u√
EG

= 0,

u´ (
√

G)u = 0, d�ÿ/�(u -��ÿ/�)�pdÇ�O�úª

K = −(
√

G)uu√
G

,

�K = 0, =¡��Ð¡.
`²µ¯¢þ, �K�^��~f¤Xe·Kµe3¡þ�3üxäký

é~êÿ/Ç��, ùüxÿ/���¤½� θ (0 < θ ≤ π
2 ) . Kd¡7´

K~pdÇ¡½�Ð¡.

y²µ·��Ù¥�xÿ/��¡�u -�, ¿�Ùÿ/Ç�~êa, K
dO�ÿ/Ç�Liouvilleúª, k

kgu = − 1
2
√

G

∂ lnE

∂v
= a, (3)

,�xÿ/��ÿ/Ç��~ê b, Ó�dO�ÿ/Ç�Liouvilleúª, k

kg =
dθ

ds
− 1

2
√

G

∂ lnE

∂v
cos θ +

1
2
√

E

∂ lnG

∂u
sin θ = b, (4)

dK�^�, θ ´~�, @ol(3)Ú(4)k

a cos θ +
1

2
√

E

∂ lnG

∂u
sin θ = b,

5¿�0 < θ ≤ π
2 , K sin θ > 0, - c = b−a cos θ

sin θ (~ê), �\(4)ª�

1
2
√

E

∂ lnG

∂u
= c, (5)
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ò(3)Ú(5)?1·�C/, ���[
(
√

E)v√
G

]
v

= −a(
√

E)v,[
(
√

G)u√
E

]
u

= c(
√

G)u,

dpd�§, é¡þ����I�, ¡�pdÇ

K = − 1√
EG

{[
(
√

E)v√
G

]
v

+

[
(
√

G)u√
E

]
u

}

= − 1√
EG

[−a(
√

E)v + c(
√

G)u]

= −(a2 + c2).

w,, �a = c = 0�, K ≡ 0 , ¡��Ð¡; �a, cØ��0�, K ´K

~ê, ¡´äkK~êpdÇ�¡. ¤

16. ¦�»�R�¥¡þÿ/n�/nS��Ú.

)µ��»�R�¥¡�ëê�§�

r(θ, ϕ) = {R cos θ cos ϕ,R cos θ sinϕ,R sin θ}.

Ù1�!�aÄ�þ©O�

E = R2 cos2 θ, F = 0, G = R2;

L = −R cos2 θ, M = 0, N = −R.

u´pdÇ�

K =
LN − M2

EG − F 2
=

R2 cos2 θ

R4 cos2 θ
=

1
R2

.

dGauss-Bonnet½n, ÿ/n�/�nS��Ú�

α1 + α2 + α3 = π +
∫∫
T

Kdσ

= π +
σ

R2
.
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Ù¥T ´dÿ/��¤�ÿ/n�/«�, σ ´Tÿ/n�/�¡È. ¤

17. |^Gauss-Bonnetúªy²: e¡S þ�3üx�u½��ÿ
/�, K§�pdÇ??�".

y²µeØ,, ��3:P ∈ S, ¦�K(P ) 6= 0, KdK �ëY5, �
3¹P �����U , ¦�K|U 6= 0, Ø��K|U > 0. 3U S�x¥�ü^
�¤½��ÿ/��¤�ÿ/o>/, Ù	�Ú�Ð´2π. dGauss-Bonnet

½nN´��
∫∫
U

KdA = 0, gñ. ¤

18. e¡S �pdÇ??�u", K¡S þØ�3�¤üëÏ«
��1w4ÿ/�.

y²µ��¡S þ�3�¤üëÏ«�T �1w4ÿ/�Γ, d
Gauss-Bonnet½nk ∫∫

T

Kdσ +
∮
∂T

kgds = 2π,

∂T = Γ´ÿ/�, Ïdkg|∂T = 0. u´þª�∫∫
T

Kdσ = 2π,

eTª¤á, KS þ��Ak�:, ¦T:�GaussÇ��, ù�K�g
ñ, ��Ø¤á, ·K�y. ¤

19. �a, b´÷¡þ� (C)��þ|, f ´½Â3 (C)þ�êþ¼
ê. y²e�ýé�©�$�5�:

(1) D(a + b) = Da + Db;

(2) D(fa) = dfa + fDa;

(3) D(a · b) = Da · b + a · Db.

y²µ�r1, r2 ´¡þ�Ä�þ|, K�-

a =
∑

airi, b =
∑

bjrj , 1 ≤ i, j ≤ 2,

u´
a + b =

∑
(ai + bi)ri, i = 1, 2

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�
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(1)dýé�©�½Â

D(a + b) = D(
∑

(ai + bi)ri)

=
∑

[d(ak + bk) + Γk
ij(a

i + bi)duj ]rk

=
∑

(dak + Γk
ija

iduj)rk +
∑

(dbk + Γk
ija

iduj)rk

= Da + Db

(2)
D(fa) = D(

∑
fairi)

=
∑

(d(fak) + Γk
ij(fai)duj)rk

=
∑

((df)ak + fdak + fΓk
ija

iduj)rk

= df(
∑

akrk) + f
∑

(dak + Γk
ija

iduj)rk

= dfa + fDa.

(3)

Da · b + a · Db

=
∑

(dai + Γi
kla

kdul)ri · (
∑

bjrj) +
∑

(dbj + Γj
pqb

pduq)rj · (
∑

airi)

=
∑

gij(daibj) +
∑

gijΓi
kla

kbjdul +
∑

gij(dbjai) +
∑

gijΓj
pqa

ibpduq

=
∑

gijd(aibj) +
∑

(gkjΓk
il + gikΓk

jl)a
ibjdul

=
∑

gijd(aibj) +
∑

(Γilj + Γjli)aibjdul

=
∑

gijd(aibj) +
∑ ∂gij

∂ul
dulaibj

=
∑

gijd(aibj) +
∑

(dgij)aibj

= d(
∑

gija
ibj)

= d(a · b).

þ¡·�|^
ri · rj = gij . ¤

20. �a(s), b(s)´÷¡þ� (C) : r = r(s)�ü�²1�þ|. y
²a · b =~ê, ¿ddy²�¡þ�:?��þ÷¡þ��V�-Ù
�© (Levi-Civita )²1£Ä�, §���ÝÚY�ØC.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�
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y²µdK�a(s), b(s)´÷ (C)�ü�²1�þ|, KDa = 0, Db =

0, dýé�©�5�d(a · b) = Da · b + a · Db��

d(a · b) = 0,

=a · b =~ê, ù`²Levi-Civita²1£Ä�±SÈØC, l�±�þ�
�ÝÚü�þ|�Y�ØC. ¤
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