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1. ²¡þ�4�IX�, 1�Ä�/ª�ds2 = dρ2 + ρ2dθ2. ÁO�1
�a�¼ÎÒΓk

ij .

)µdb�, E(ρ, θ) = 1, F (ρ, θ) = 0, G(ρ, θ) = ρ2, U����1�
a�¼ÎÒ�O�úª, ���O���

Γ1
11 =

Eρ

2E
= 0, Γ2

11 = −Eθ

2G
= 0, Γ1

12 = Γ1
21 =

Eθ

2E
= 0,

Γ1
22 = −Gρ

2E
= ρ, Γ2

22 =
Gθ

2G
= 0, Γ2

12 = γ2
21 =

Gρ

2G
=

1
ρ
.

2. y²pdÇK = det(µj
i ).

y²µÄk, N´�y(
g11 g12

g21 g22

)
=

1
g

(
g22 −g12

−g21 g11

)
.

òÙ�\µj
i �O�úª: µj

i = −
∑
k

gjkLik, ��O���

(
µ1

1 µ2
1

µ1
2 µ2

2

)
=

1
EG − F 2

(
MF − LG LF − ME

NF − MG MF − NE

)
. (2.1)

u´
det(µj

i ) =
LN − M2

EG − F 2
= K.

3. y²²þÇH = −1
2trace(µj

i ).

y²µl (2.1)ªá=���(Ø.

4. ¦y:

Rmijk =
1
2

(
∂2gmj

∂ui∂uk
+

∂2gik

∂um∂uj
− ∂2gmk

∂ui∂uj
− ∂2gij

∂um∂uk

)
+∑

p

(
Γp

ik · [mj, p] − Γp
ij · [mk, p]

)
.
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y²µ£Á1�!1�aiùÇÜþ�½Â:

Rl
ijk =

∂Γl
ij

∂uk
−

∂Γl
ik

∂uj
+

∑
p

(Γp
ijΓ

l
pk − Γp

ikΓ
l
pj),

Rmijk =
∑

l

gmlR
l
ijk =

∑
l

gml

[
∂Γl

ij

∂uk
−

∂Γl
ik

∂uj
+

∑
p

(Γp
ijΓ

l
pk − Γp

ikΓ
l
pj)

]
.

(4.1)

du [ij,m] =
∑
l

Γl
ijglm, ¤±

∂[ij,m]
∂uk

=
∑

l

∂Γl
ij

∂uk
gml +

∑
l

∂glm

∂uk
Γl

ij ,

= ∑
l

gml

∂Γl
ij

∂uk
=

∂[ij,m]
∂uk

−
∑

l

∂glm

∂uk
Γl

ij .

�\ (4.1)ª�

Rmijk =
∂[ij,m]

∂uk
− ∂[ik,m]

∂uj
−

∑ ∂glm

∂uk
Γl

ij +
∑

l

∂gml

∂uj
Γl

ik

+
∑

p

[pk,m]Γp
ij −

∑
p

[pj ,m]Γp
ik.

(4.2)

du

[ij,m] =
1
2
(
∂gim

∂uj
+

∂gjm

∂ui
− ∂gij

∂um
),

[ik,m] =
1
2
(
∂gim

∂uk
+

∂gkm

∂ui
− ∂gik

∂um
),

∂gml

∂uk
= [ik,m] + [mk, l],

∂gml

∂uj
= [lj,m] + [mj, l],
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�\ (4.2)ª�

Rmijk =
1
2

∂

∂uk

(
∂gim

∂uj
+

∂gjm

∂ui
− ∂gij

∂um

)
− 1

2
∂

∂uj

(
∂gim

∂uk
+

∂gkm

∂ui
− ∂gik

∂um

)
− ([lk,m] + [mk, l])Γl

ij + ([lj,m] + [mj, l])Γl
ik

+ [pk,m]Γp
ij − [pj ,m]Γp

ik

=
1
2

(
∂2gim

∂ui∂uk
+

∂2gik

∂uj∂uk
− ∂2gij

∂um∂uk
− ∂2gkm

∂ui∂uj

)
+

∑
l

[lj,m]Γl
ik +

∑
l

[mj, l]Γl
ik +

∑
p

[pk,m]Γp
ij

−
∑

p

[pj,m]Γp
ik −

∑
l

[lk,m]Γl
ij −

∑
l

[mk, l]Γl
ij

=
1
2

(
∂2gim

∂ui∂uk
+

∂2gim

∂uj∂uk
− ∂2gij

∂um∂uk
− ∂2gkm

∂ui∂uj

)
+

∑
p

[mj, p]Γp
ik −

∑
p

[mk, p]Γp
ij .

5. éuR3 ¥��m¡5`, Rl
ijk = −K(δl

jgik − δl
kgij), Ù¥K ´

¡�GaussÇ.

y²µéuR3 ¥�¡5`, Rmijk ¥���©þ�k��, =

R1212 = −K(g11g22 − g12g21).

Ïd�±��/L«�

Rmijk = −K(gmjgik − gmkgij).

u´
Rl

ijk =
∑
m

gmlRmijk

=
∑
m

gml[−K(gmjgik − gmkgij)]

= −K

(∑
m

gmlgmjgik −
∑
m

gmlgmkgij

)
= −K(δl

jgik − δl
kgij).
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6. y²±eúª:

(1) K = 1
E [(Γ2

11)v − (Γ2
12)u + Γ1

11Γ
2
12 + Γ2

11Γ
2
22 − Γ1

12Γ
2
11 − (Γ2

12)
2].

(2) K = 1√
EG−F 2

[
∂
∂v

(√
EG−F 2

E Γ2
11

)
− ∂

∂u

(√
EG−F 2

E Γ2
12

)]
.

(3) K = 1√
EG−F 2

[
∂
∂u

(√
EG−F 2

G Γ1
22

)
− ∂

∂v

(√
EG−F 2

G Γ1
12

)]
.

(4) éu¡þ��§�I�kds2 = λ2(du2 + dv2), ¦y:

K = − 1
λ2

[
(lnλ)uu + (lnλ)vv

]
.

(5) éu¡þ��ÿ/�I�kds2 = du2 + Gdv2, ¦y:

K = − 1√
G

∂2
√

G

∂u2
.

y²µ(1) dpdúª91�!1�aiùÇÜþ�½Âª, ´�

∂Γl
ij

∂uk
−

∂Γp
ik

∂uj
+

∑
p

(
Γp

ijΓ
l
pk − Γp

ikΓ
l
pj

)
=

∑
m

gml
[
LijLmk − LikLmj

]
.

3þª¥�k = 2, j = 1, l = 2, i = 1, ��

(Γ2
11)v − (Γ2

12)u + Γ1
11Γ

2
12 + Γ2

11Γ
2
22 − Γ1

12Γ
2
11 − (Γ2

12)
2

=
∑
m

gm2[L11L2m − L12L1m].

N´�yþªmà'um¦Ú�(J´EK, ly²
(Ø (1).

(2) duK = −R1212
g , ¤±

R2
121 = g22R2121 = g22R1212 = −g22gK = −g11K.

U½Â�k
R2

121 =
∂Γ2

12

∂u1
− ∂Γ2

11

∂u2
+ Γ2

12Γ
2
21 − Γ2

11Γ
2
22.

Ïd

K = −1
g
[(Γ2

12)u − (Γ2
11)v + Γ1

12Γ
2
11 + Γ2

12Γ
2
21 − Γ1

11Γ
2
12 − Γ2

11Γ
2
22]

=
1
g

[
(Γ2

11)v − (Γ2
12)u + Γ2

11(Γ
2
22 + Γ1

12) − Γ2
12(Γ

2
12 + Γ1

11)

− 2(Γ1
11Γ

2
12 + Γ1

11Γ
1
12)

]
.

(6.1)
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±e5O� (2)�mà.

1√
EG − F 2

[
∂

∂ v

(√
EG − F 2

E
Γ2

11

)
− ∂

∂u

(√
EG − F 2

E
Γ2

12

)]

=
1
√

g

[
∂

∂u2

(√
g

g11
Γ2

11

)
− ∂

∂u1

(√
g

g11
Γ2

12

)]
=

1
√

g

[
∂g11

∂u2

√
g − ∂

√
g

∂u2 · g11

(g11)2
Γ2

11 +
√

g

g11

∂Γ2
11

∂ u2
−

∂g11

∂ u1

√
g − g11

∂
√

g

∂u1

(g11)2
Γ2

11 −
√

g

g11
· ∂Γ2

12

∂ u1

]

=
1
√

g

[√
g ∂g11

∂u2

(g11)2
Γ2

11 −
√

g ∂g11

∂u1

(g11)2
Γ2

12

]
+

1
g11

(
∂
√

g

∂u1
Γ2

12 −
∂
√

g

∂u2
Γ2

11

)
+

√
g

g11

(
∂Γ2

11

∂ u2
− ∂Γ2

12

∂u1

)
.

(6.2)

du

∂
√

g

∂ u1
=

∂

∂ u1

√
EG − F 2 =

1
2
√

EG − F 2
[EuG + EGu − 2FFu]

=
1

2
√

EG − F 2
[GEu − 2FFu + FFv + EGv − FFv]

= (Γ1
11 + Γ2

12)
√

g.

(6.3)

Ón

∂
√

g

∂ u2
=

∂

∂ u2

√
EG − F 2 =

1
2
√

EG − F 2
[EvG + EGv − 2FFv]

=
1

2
√

EG − F 2
[GEv − 2FFv − FGu + EGv − FGu]

= (Γ1
12 + Γ2

22)
√

g.

(6.4)

5¿�
∂gij

∂ ul
= ril · rj + r i · rjk = [il, j] + [jk, i]

=
∑
m

Γm
il gmj +

∑
m

Γm
jl gmi,
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¤±

Γ2
11

∂g11

∂ u2
= Γ2

11(Γ
1
12g11 + Γ2

12g21 + Γ1
12g11 + Γ2

12g21)

= 2(Γ1
12g11 + g12Γ2

12)Γ
2
11.

Ón

Γ2
12

∂g11

∂ u1
= 2(Γ1

11g11 + g12Γ2
12)Γ

2
12.

Ïd

Γ2
11

∂g11

∂ u2
− Γ2

12

∂g11

∂ u1
= 2g11(Γ1

11Γ
2
12 − Γ1

12Γ
2
11). (6.5)

ò (6.3)!(6.4)!(6.5)ª�\ (6.2)ª, �n���� (6.1)ªmà�Ó�L�
ª, ly²
 (2)�(Ø.

(3) � (2)�y²aq.

(4)Ú (5) |^����O�úªK = −1√
EG

[(
(
√

G)u√
E

)
u

+
(

(
√

E)v√
G

)
v

]
�

��y, ½|^�K (1)�(Ø���y=�.

7. XJ¡�1�Ä�/ª´ds2 = du2+dv2

(u2+v2+C)2
, O�1�a�¼PÒ.

)µÏ�

E = G =
1

(u2 + v2 + C)2
, F = 0,

¤±

Eu = Gu =
−4u

(u2 + v2 + C)3
,

Ev = Gv =
−4v

(u2 + v2 + C)3
,

l

Γ1
11 =

Eu

2E
=

−2u

u2 + v2 + C
, Γ2

11 =
−Ev

2G
=

2v

u2 + v2 + C
,

Γ1
12 =

Ev

2E
=

−2v

u2 + v2 + C
, Γ2

12 =
Gu

2G
=

−2u

u2 + v2 + C
,

Γ1
22 =

−Gu

2E
=

2u

u2 + v2 + C
, Γ2

22 =
Gv

2G
=

−2v

u2 + v2 + C
.

8. ¦y1�Ä�/ª´ds2 = du2+dv2

(u2+v2+C)2
�¡k~pdÇ.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä] 7

y²µÏF = 0, òE = G = 1
(u2+v2+C)2

�\����GaussÇ�O

�úªK = −1√
EG

[(
(
√

G)u√
E

)
u

+
(

(
√

E)v√
G

)
v

]
, ��O���¡�GaussÇ

K = 4C.

9. ¦±E = 1, F = 0, G = 1, L = −1, M = 0, N = 0�1�!1�
aÄ�þ�¡.

)µk¦1�a�¼ÎÒ:

Γ1
11 =

Eu

2E
= 0, Γ2

11 =
−Ev

2G
= 0,

Γ1
12 =

Ev

2E
= 0, Γ2

12 =
Gu

2G
= 0,

Γ1
22 =

−Gu

2E
= 0, Γ2

22 =
Gv

2G
= 0.

2O�µj
i :

µ1
1 = −L

E
= 1, µ2

1 = −M

G
= 0,

µ1
2 = −M

E
= 0, µ2

2 = −N

G
= 0.

�±�y§�÷vpd-��à�§, u´¤¦²¡�3. Ó�¡�$Ä�
§Xe:

ruu = −n, (9.1)

ruv = 0, (9.2)

rvv = 0, (9.3)

nu = ru, (9.4)

nv = 0. (9.5)

d�§ (9.1)� (9.4)�

ruuu + ru = 0.

È©�

r = e1(v) sin u + e2(v) cos u + e3(v).
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u´
ru = e1(v) cos u − e2(v) sin u,

ruv = e′1(v) cos u − e′2(v) sin u.

�âþª��§ (9.2)�

e′1(v) cos u − e′2(v) sin u = 0,

=
e′1(v) = e′2(v) tan u,

due1(v), e2(v)��v k', �þª¤á��=�e′1(v) = e′2(v) = 0, ¤±
e1(v), e2(v)´~�þ.

r = e1 sinu + e2 cos u + e3(v).

dd�
rv = e′3(v), rvv = e′′3(v),

�â�§ (9.3),

rvv = e′′3(v) = 0,

�ke3(v) = a + bv (Ù¥a, b´~�þ).

¤¦¡��§�

r = e1 sinu + e2 cos u + (a + bv).

10. y²Ø�3¡, ¦E = G = 1, F = 0, L = 1, M = 0, N = −1.

y²µb�K�¡�3, K�±O���:

Γ1
11 = Γ2

11 = Γ1
12 = Γ2

12 = Γ1
22 = Γ2

22 = 0,

u´, Rmijk = 0, AOR1212 = 0. �´dpd�§

R1212 = L21L12 − L22L11 = M2 − LN = 1 6= 0,

Ïd, ÷vK�^��¡Ø�3.
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