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4.6 ~~~pppddd­­­ÇÇÇ­­­¡¡¡

dÍ¶�pd½n, ­¡�pd­ÇK �Ù1�Ä�/ª��(½. Ï
d, eü�­¡�å�d, KéA:�pd­Ç7��. ���KØ,.

=~¬> y²: ­¡

S : r = {u cos v, u sin v, lnu}, (^=­¡)

S∗ : r∗ = {u∗ cos v∗, u∗ sin v∗, v∗}, (�Ú¡)

3: (u, v)� (u∗, v∗)?�pd­Ç��, �­¡S �S∗ Ø�3�åC�.

=y²> N´�Ñ^=­¡S Ú�Ú¡S∗ �1�Ä�/ª©O�

I =
(

1 +
1
u2

)
du2 + u2dv2,

I∗ = (du∗)2 + (1 + u∗2)(dv∗)2.

d����pd­Ç�úª(=pd�§)O��Ñ§��pd­Ç©O�

K = − 1
(1 + u2)2

, K∗ = − 1
(1 + u∗2)2

.

Ïd�éA: (u, v) ↔ (u∗, v∗), B¤áK = K∗.

± e · � ^ � y { y ²S �S∗ � m Ø � 3 � å C �. b �u∗ =

φ(u, v), v∗ = ψ(u, v)­¡S �S∗ �m��åC�, KéA:�pd­Ç
7��, =A¤áK(u, v) = K∗(φ(u, v), ψ(u, v)), =

(1 + φ2(u, v))2 = (1 + u2)2, ½ 1 + φ2(u, v) = ±(1 + u2).

w,1 + φ2(u, v) = −(1 + u2)Ø�U. �e��/´1 + φ2(u, v) = 1 + u2,

�d/u∗ = ±u. ù�S∗ �1�Ä�/ª�±U��

I∗ = [1 + (1 + u2)ψ2
u]du2 + 2(1 + u2)ψuψvdudv + (1 + u2)ψ2

vdv2.

Ï�´�åéA, �I = I∗, '��Ñ
1 + (1 + u2)ψ2

u = 1 + 1
u2 ,

(1 + u2)ψuψv = 0,

(1 + u2)ψ2
v = u2,
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dÙ¥1�ª�Ñφu = 0½φv = 0, 2d1�ª½1nª�Ñu = ∞½
u = 0, ù�^�ØÎ. nþ?Ø, ­¡S ÚS∗ �mØU�3�åC�. ¤

¦+3éA:äk�Ópd­Ç�­¡ØUïá�åéA, �´épd
­Ç�~ê�­¡, ·�kXe½n.

½n 6.1 (Minding) äk�Ó~êpd­Ç�­¡o´ÛÜ�å�
d�.

y² �­¡S �pd­ÇK ´~ê. 3­¡S þ��ÿ/�IX
(u, v), Ï
§�1�Ä�/ª�

I = du2 + G(u, v) dv2,

Ù¥G(u, v)÷v^�

G(0, v) = 1, Gu(0, v) = 0. (6.1)

duE = 1, �âpd­Ç�S%L�ª, ·�k

K = −(
√

G)uu√
G

, ½
∂2

√
G

∂u2
+ K

√
G = 0, (6.2)

ù´����~Xê�5àg�©�§, ¿�÷vÐ�^� (6.1). �âK �
ØÓÎÒ, �§ (6.2)�Ï)©O�

K > 0,
√

G = f1(v) cos(
√

Ku) + f2(v) sin(
√

Ku),

K = 0,
√

G = f1(v) + f2(v)u,

K < 0,
√

G = f1(v) cosh(
√
−Ku) + f2(v) sinh(

√
−Ku).

ùpf1, f2 ´v �?¿¼ê, |^Ð©^� (6.1)B�f1(v) = 1, f2(v) = 0, �
�§ (6.2)÷vÐ©^� (6.1)�)�

K > 0,
√

G = cos(
√

Ku),

K = 0,
√

G = 1,

K < 0,
√

G = cosh(
√
−Ku).
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ÏdGauss­Ç�~êK �­¡�1�Ä�/ª3�ÿ/�IX (u, v)ek
��(½�L�ª, �âÙGauss­ÇK �ÎÒ�ØÓ©O�

K > 0, I = du2 + cos2(
√

Ku) dv2,

K = 0, I = du2 + dv2,

K < 0, I = du2 + cosh2(
√
−Ku) dv2.

dd��, äk�Ó~êpd­Ç�­¡Ñ�·�À�ëê, ¦­¡ä
k�Ó�1�Ä�/ª, =ÛÜ�å�d. ¤

dþã½n��, äk~êpd­Ç�­¡(ù«­¡¡�~­Ç­
¡)�UK > 0,K = 0,K < 0©¤n«a.. 
áuÓ�a.�­¡§��
S3AÛ´�Ó�. ²¡��pd­Ç�"��L; ¥¡��pd­Ç��
~ê��L. �é{`, pd­Ç�"�­¡Ñ�±�²¡ïá�åéA, p
d­Ç��~ê�­¡Ñ�±�¥¡ïá�åéA. @og,¬¯�o­¡
�±��pd­Ç�K~ê��L? �K = − 1

a2 , ·��±3^=­¡¥é
Ñù��L.

�^=­¡��½1��yOz ²¡¥�­�z = f(y). r§7z-¶^
=�/¤
^=¡

r(u, v) = {v cos u, v sinu, f(v)},

Ùpd­Ç
K =

f ′f ′′

v(1 + (f ′)2)2
,

�
¦ù�­¡�pd­ÇK = − 1
a2 , �½¼êf Ò7L÷ve��§:

f ′f ′′

v(1 + (f ′)2)2
= − 1

a2
,

òÙU�¤
f ′d(f ′)

(1 + (f ′)2)2
= − 1

a2
v dv

ü>È©���
1

1 + (f ′)2
=

1
a2

v2 + C1,
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�È©~êC1 = 0, u´�)Ñ

f ′ = ±
√

a2 − v2

v
,

2È©, Ò�Ñ

f = ±
∫ √

a2 − v2

v
dv,

X-v = a cos φ�

f = ±a

∫
sin2 φ

cos φ
dφ = ±a[ln(sec φ + tanφ) − sinφ] + C2

Ø�2rÈ©~êC2 ��0, u´±1�y = a cos φ

z = ±a[ln(sec φ + tanφ) − sinφ]
(6.3)

7z-¶^=�¤��^=­¡�pd­Ç�Ð�uK~ê− 1
a2 . ·�r1�

(6.3)¡��Ô�. 
r�Ô�7z-¶^=�¤��­¡¡��¥¡.

=5 1> ·��¤±¡­� (6.4)��Ô���ÏXe: Lù^­�
þz:P , ����¶�uQ, �±�y: �ãPQ��Ý�a. ùÒ��u
<Q^����a��-ö�XÔN÷z-¶rÄ�, ÔNP ¤rÑ�;,,

§�ÐÒ´­� (6.3), Ï
·�Ò¡­� (6.3)��Ô�.

=5 2> �±�y1���S�Ô��y-��¶, z-��¶�m¤Y
Ü©�¡È� 1

4πa2, ù´�»�a��¡È� 1
4 . T�Ô�7z-¶^=¤�

�­¡�L¡È´2πa2, ùT�u�»�a�¥¡�L¡È� 1
2 , ù­¡¤

��NÈ´ 1
3πa3, T��»��¥NÈ� 1

4 .

SK4–6

1. ®�~­Ç­¡�1�Ä�/ª´

I =

du2 + 1
k sin2(

√
ku)dv2, k > 0

du2 − 1
k sinh2(

√
−ku)dv2, k < 0
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y²: T­¡þ�ÿ/��±©OL«�

A sin(
√

ku) cos v + B sin(
√

ku) sin v + C cos(
√

ku) = 0,

½
A sinh(

√
−ku) cos v + B sinh(

√
−ku) sin v + C cos(

√
−ku) = 0,

Ù¥A, B, C ´Ø��"�~ê.

2. y²: 3~­Ç­¡þ, ÿ/�k~ÿ/­Ç.

3. �~­Ç­¡S ����ds2 = du2 + c2e
2u
a dv2, ­¡ S̄ : r̄ = r − ar1. y

²: S � S̄ k�Ó�Gauss­Ç, �éA:��²¡p���.
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