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4.5 Gauss-Bonnetúúúªªª

Gauss-Bonnet½n�N´¡�©AÛ¥����½n. d½n��
Ð/ª´dGauss3��Í¶�?Ø¡þÿ/n�/(=Ùn>þ�ÿ/
l�>n�/)�©Ù¥QãL. �Nþ`, ��ÿ/n�/∆�n�S�
α1,α2,α3 �Ú�Lπ �Ü©�uGaussÇK 3∆þ�È©, �Ò´`

3∑
i=1

αi − π =
∫∫

∆
KdA. (5.1)

~X�K ≡ 0�, d (5.1)ªk
3∑

i=1
αi = π. = (5.1)ª´²¡AÛ¥�

Thales½n3¡þ�í2. 3ü ¥¡þ, K ≡ 1, Kk
3∑

i=1
αi − π = ∆�

¡È, dd��, ÿ/n�/�S�Ú�uπ, ¿��Lπ �Ü©�Ð´n�
/«��¡È. aq/, 3�¥¡(K ≡ −1)þ, ?Ûÿ/n�/�S�Ú�
uπ.

O. Bonnet31848crGauss�þã(Øí2�d�^�ÿ/�{ü
1w4�¤�¤�«�, ?í2�{ü©ã1w4���/, ��

Gauss-Bonnetúª.

A üüüëëëÏÏÏ«««���þþþ���Gauss-Bonnetúúúªªª

��C ´¡S þ��^{ü1w4�, §¤���«�D´�
�üëÏ«�(=DS?Û4�Ñ�3DSÂ ��:). D ´DéA�
(u, v)²¡þ�«�, P²¡«�D �>.�4�∂D. ·�À�¡þ�
�����ëê�� (u, v).

��C �ëê�§´u = u(s), v = v(s), Ù¥s�l�ëê, θ(s)´
�C ���þ�u-����Y�, �±À�θ(s)´s���¼ê. u´,

ò����O�ÿ/Ç�Liouvilleúªü>7�C È©�±, �∮
C

kg ds =
∮

C
dθ +

∮
C

1
2
√

EG
(−Evdu + Gudv). (5.2)

y3·�k�	 (5.2)ªmà�1��È©. |^�©Æ¥�Gauss-
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Greenúª, ¿(Ü����pdÇ�O�úª, ·��XeO�:∮
C

1
2
√

EG
(−Evdu + Gudv) =

∮
∂D

1
2
√

EG
(−Evdu + Gudv)

=
∫∫

D

{(
Ev

2
√

EG

)
v

+
(

Gu

2
√

EG

)
u

}
dudv (dGreenúª)

=
∫∫

D

{[
(
√

E)v√
G

]
v

+

[
(
√

G)u√
E

]
u

}
dudv

= −
∫∫

D
K
√

EG dudv = −
∫∫

D
K dA, (dGaussúª)

Ù¥dA =
√

EG dudv ´¡S 3��ëê�e�¡È��.

25�	 (5.2)ª¥È©
∮
C dθ. �d, ·�3¡S þ��§ëê, KS

�1�Ä�/ª�I = λ(u, v)(du2 +dv2). ,	, ��²¡π þ����IX
(u∗, v∗), Ù1�Ä�/ª�I∗ = (du∗)2 + (dv∗)2. -u = u∗, v = v∗, ù�é
AÒ´¡S Ú²¡π �m��/C�. ù�S þ�u-�éAπ þ�u∗-�.

b�S þ��C 3þã�/C�eéAu²¡π þ��C∗, C∗ �²¡π

þ�u∗ -��m�Y�P�θ∗. d�/C��½Âkθ = θ∗. u´∮
C

dθ =
∮

C∗
dθ∗.

�´3²¡π þ, �â��£=½n: ÷üëÏ«��>.����7�
±�, >.����þ=L
2π �Ý, =¤á

∮
C∗ dθ∗ = 2π. Ïd (5.2)ª

Òz� ∮
C

kg ds +
∫∫

D
K dA = 2π. (5.3)

ùÒ´¡þ'u{ü1w4��Gauss-Bonnetúª.

XJ�C ´¡S þ��^©ã1w4�, §dnã1w�
C1, · · · , Cn ¤|¤, �ù
1w����?�	��θi, (i = 1, · · · , n). K

∮
C

kgds =
n∑

i=1

∫
Ci

kgds,

∮
C

dθ =
n∑

i=1

∫
Ci

dθ,
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�éz�^�Ci Ñ¤á (5.3)ª, 2r§�\å5, |^Greenúª�k

n∑
i=1

∫
Ci

kg ds =
n∑

i=1

∫
Ci

dθ +
n∑

i=1

∫
Ci

1
2
√

EG
(Evdu + Gudv)

=
n∑

i=1

∫
Ci

dθ −
∫∫

D
K dA.

Ï��C = C1 ∪ C2 ∪ · · · ∪ Cn ���þ3ù
1w����?
k“a�”(=�º). ù
“a�”�Ò´��:?�	�θi. aqu��£
=�I½n�y², ����7©ã1w�C �±��=�´

n∑
i=1

∫
Ci

dθ = 2π −
n∑

i=1

θi,

o(þã?Ø, ·���eãÍ¶�½n:

½n 5.1 (Gauss-Bonnet) �C = C1 ∪ C2 ∪ · · · ∪ Cn ´¡S þ�
^Åã1w{ü4�, ù
1w�ã3��?�	��θi, �C �¤
¡þ���üëÏ«�D, @o¤á

n∑
i=1

θi +
n∑

i=1

∮
Ci

kg ds +
∫∫

D
K dA = 2π. (5.4)

íØ 5.2 XJ�C ¥zã1w�Ci ´ÿ/�, K
n∑

i=1

θi +
∫∫

D
K dA = 2π. (5.5)

e^αi L«ÿ/n>/�	�θi ¤éA�S�, Kk
n∑

i=1

αi = (n − 2)π +
∫∫

D
K dA. (5.6)

�n = 3�, ù�´Gauss�Ð���'uÿ/n�/S�Ú�(Ø. AO
/, �¡S ´²¡�, (5.5)Ú (5.6)ª©O´²¡AÛ¥õ>/	�Ú�S
��Úúª.

B EEEëëëÏÏÏ«««���þþþ���Gauss-Bonnetúúúªªª
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�D´¡S þ¹kp�É�EëÏ«�, Xã, �Ù>.dp + 1^1
w�C0, C1, · · · , Cp �¤, ^1w�γi é(C0 ÚCi (i = 1, 2, · · · , p). 5
½>.����: �÷d��c?�, «�D©ª�±3�ý. e÷Xγi }
m=����üëÏ«�, Ïd#N·�A^ (5.3)ª, �3�Ä÷γi �È©
�, ÏügO\, ÎÒ(��)��. �

p∑
i=1

∫
γi

kg ds = 0.

γi �C0 é(�ÑyÚ�uπ �ü�	�, Ó�, γi ÚCi é(��Ñyü�
Ú�uπ �	�, Ïdúª (5.3)¥�

n∑
i=1

θi = 2πp . ����EëÏ«��

Gauss-Bonnetúª∫∫
D

K dA +
p∑

i=1

∫
Ci

kg ds = 2π(1 − p), (5.7)

C ���NNNGauss-Bonnet½½½nnn

� 
 òGauss-Bonnetú ª 2 � � N 5 í 2, ' X `, í 2 � ; �
 ¡S þ, K � õ / I � Ä Ù ÿ À 5 �. b �D´  ¡M þ � � � «
�, § � > . ´ d p Ø � � �n^ ü X © ã 1 w 4  � | ¤. (= d
A1A2, A2A3, · · · , AnA1 �k�ã1w�lë�¤�g�Ø���
�, ù
l�mØë�:	vk�: ). dÿÀÆ�, ·��½�rDn�¿
©, =rD©�¤Nõ±n^�ã�>.�¡n�/. XJM ´�½�
�, ·��¡�{�þ���, �mÃ5K�½Ñz�n�/�>.�½
�, ù�SÜ>.�½�fÐ�p-� (±þ¯¢ùpØ�î�y² ).

²Lù�¿©�, ·��Ñn�ê: F —n�/�ê, E —>�^ê, V

—º:��ê. ¡�êF −E +V �«�D�Euler-Poincaré«5ê, P�

χ(D) = F − E + V. (5.8)

þã½Âm>Ð��n�¿©k', Ù¢Ø,, χ(D)�¿©��ª
Ã', ´¡�ÿÀØCþ. ,	, ·�o�r«�Dn�¿©�é[,

¦z�n�/á3��ÿ/�IXS. ¯¢þ, XJ©��Ø
�, ·�
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o�2\\��º:����#�©�. Pù#©�eéA�¡!>!
º�ê8� F̄ , Ē, V̄ . ´� F̄ = F + V − 1, Ē = E + V, V̄ = V + 1. �
F̄ − Ē + V̄ = F − E + V . Ïd, ·�o�rD[©¦z�n�/á3��
ÿ/�IXS, =¦n�/�z^lã´ÿ/�. k
ù
O�, ·��±Q
ã�NGauss-Bonnet½n.

½n 5.3 (Gauss-Bonnet) eM ´;�Ã>�½�4¡, K∫∫
M

K dA = 2πχ(M). (5.9)

y² b�rM [©¤eZÿ/õ�/«�Ri, (i = 1, · · · , F ), Ri �
>.�Ci, ϕij ´Ci �S�. éz�«�Ri A^Gauss-Bonnetúª�

∫∫
M

K dA =
F∑

i=1

[2π −
∑

j

(π − ϕij)]

= 2πF −
F∑

i=1

∑
j

π +
F∑

i=1

∑
j

ϕij .


∑
j

π = (Ci �º:ê ) × π = Ci �>ê×π, Ï�z^>áuü�n�/,

¤±
F∑

i=1

∑
j

π = 2πE,
F∑

i=1

∑
j

ϕij ´¤kS�Ú. 3z�º:?S�Ú´2π, Ï

d
F∑

i=1

∑
j

ϕij = 2πV . ��,
∫∫
M

K dA = 2πF − 2πE + 2πV = 2πχ(M). ¤

Gauss-Bonnet½n����A:��´: �;�¡�ÿÀþÚ§
�AÛþ— Ç�È©Jø��kd��éX, ¦+GaussÇ�6uS þ
�½�iùÝþ, =1�Ä�/ª, ,ÙÈ©%Ñ´�ÝþÎÃ'X�ÿ
Àþ2πχ(S). Gauss-Bonnet½n3p��í2´y��©AÛuÐ���
���Äå.

���ÑGauss-Bonnetúª�ü�A^±(å�!. Ù�´'u�m
�K4��Ì{�¥¡I��Jacobi½n. ,��´£�þ!�Ñ�¡
þ�þ74�²1£Ä�±��)���.
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½n 5.4 (Jacobi, 1842) �r(s)´Ç??Ø�"��m�K4
�, XJ§�Ì{�¥¡I�N(s)´ü ¥¡S2(1)þ��^{ü1w4
�. Kù^Ì{��¥¡I�7½²©S2(1)�¡È.

=y²> � s̄´¥¡I�N(s)�l�, Ï�N(s)3¥¡S2 þ, �÷
N(s), S2 �ü {�þÒ´N(s). u´N(s)�ÿ/ÇU½Â�

κ̄g(s) =
(

d2N

ds̄2
,N ,

dN

ds̄

)
. (5.10)

dFrenetúª, �

dN

ds̄
=

dN

ds

ds

ds̄
= (−κT + τB)

ds

ds̄
,

d2N

ds̄2
= (−κT + τB)

d2s

ds̄2
+ (−κ′T + τ ′B)

(
ds

ds̄

)2

− (κ2 + τ2)N
(

ds

ds̄

)2

.(
ds

ds̄

)2

=
1

κ2 + τ2
,

ò±þù
O�(J�\ (5.10), �n��

κ̄g =
d

ds
(arctan

τ

k
)
ds

ds̄
.

y3rGauss-Bonnet½nA^�ü ¥¡þd�¤�¤�«�(��)D
þ�, duù�K ≡ 1, ·�Bk

2π =
∫∫
D

K dσ +
∫

∂D

κ̄g ds̄ =
∫∫
D

dσ = D�¡È.

S2(1)�¡È�4π, ¤±Ì{�¥¡I�N(s)²©
S2(1)�¡È. ¤

½n 5.5 �C ´üëÏ¡S : r = r(u1, u2)þ�^4�, K�þ
÷C ²£�±��)���´

∫∫
D K dA, Ù¥D´C ¤�¤�¡�.

y² 3¡þ���ëê��, @ou1-�Úu2-��ü ��þ�

e1 =
1√
E

r1, e2 =
1√
G

r2.
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�4�C : u1 = u1(s), u2 = u2(s)þ�ü �þ|a(s)�u1-����Y
��θ(s), @oa(s) = cos θ(s)e1 + sin θ(s)e2. XJ�þ|a(s)´²1�þ
|, @oDa = 0, d�C�©�5�=k

(− sin θe1 + cos θe2)dθ + (cos θDe1 + sin θDe2) = 0,

òþªü>� (− sin θe1 + cos θe2)�SÈ��

dθ = −(− sin θe1 + cos θe2) · (cos θDe1 + sin θDe2).

5¿�e1 · e1 = 1, e1 · e2 = 0, e2 · e2 = 1, ��C�©��

e1 · De1 = e2 · De2 = 0, De1 · e2 + e1 · De2 = 0,

Ïd��
dθ = − r2√

EG
Dr1

= −
√

G

E
(Γ2

11du1 + Γ2
12du2)

= dφ − κgds.

(5.11)

XJ�þa0 ÷C ²£�±�����þ´a1, ò (5.11)÷�C È©
�±�Ò��
��∆θ = θ1 − θ0 (=a0 �a1 ���)�∮

C
dθ =

∮
C

dφ −
∮

C
κg ds.

2d��^=�I½n9Gauss-Bonnetúª��∮
C

dθ = (2π −
∑

i

θi) − (2π −
∑

i

θi −
∫∫

D
K dσ) =

∫∫
D

K dσ. (5.12)

¤

½n 5.6 3üëÏ¡S þ, Levi-Civita²£��´Ã'�¿�^�
´¡S ��Ð¡.

y² �¡��Ð¡�, pdÇK ≡ 0, d (5.12)·���∫
C dθ = 0, ù��þa÷C ²1£Ä�±�Ò£�
�5� �, �d/`,

Levi-Civita²£��´Ã', ¿©5�y.
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y3^�y{y²7�5. e¡S þ�pdÇK Øð�u", Ø�
b�K 3¡S þ�P0 :�u", KdK ´ëY¼ê, §3P0 :����
�S�u,½~êδ. �C �ù���S��:P0 ��^1w4�, �C

���«�D´üëÏ�. �A�«�D�¡È, @od (5.12)ª��

∆θ =
∮

C
dθ =

∫∫
D

K dσ ≥
∫∫

D
δ dσ = δ · (D�¡È) > 0.

,��¡,

∆θ =
∮

C
dθ =

∫∫
D

K dA ≤ max
D

K · (D�¡È),

w,·�o�±À�C ¿©/�, ¦«�D�¡È¿©�, l��0 <

∆θ < 2π. ùÒ`²���þ÷þãÀ���C ²£�±�ØU£��5
� �
, ù�®�gñ. �GaussÇð�". ¤

SK4–5

1. y²: 3pdÇ���üëÏ¡þ, Ø�31w�4ÿ/�. üëÏ�
^�7�í?

=y²> �¡S ´�pdÇ���üëÏ¡, eÙþ�3�^1w
�4ÿ/�C, KC �ÿ/Çkg = 0, dGauss-Bonnetúª�

∫∫
D K dA = 2π, ù

�S þ�pdÇK ≤ 0gñ.

C ¤�¤üëÏ«��^�´7��, ~X3^=ü�V¡þ(§�pd
ÇK < 0 )�3X�^1w4ÿ/�, =¡þ�����.

2. ®��u-��u θ ��ÿ/�÷vdθ = −(
√

G)2dv. y²: Gauss-Bonnet

úª3ÿ/n�/�AÏ�/:
∫∫
D

KdA = A + B + C − π.

3. �¡þÃ���ÿ/n�/ABC >�©O�a, b, c. >AB ¤éA��
�C. y²: n�/¡Èσ �:C ?�GaussÇkXe'Xª:

c2 = a2 + b2 − 2ab cos
(

C − Kσ

3

)
.
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