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4.4 ���CCC���©©©���Levi-Civita²²²111£££ÄÄÄ

Ù�, ²¡þ�����þÑ´²1�, <�g,¬¯: ­¡þÿ/�
���þ´Ä�´²1�? w,, XJUn�î¼�m¥�²1�n), ¯
K��Y´Ä½�. 2ö, XJr­¡þP :?���þaUn�î¼�m
¥�²£, ²£�­¡�Q:?, ����þ�7�uT­¡. dd��, ·
�ØUUR3 ¥�²£�ª5?Ø­¡þ��þ´Ä²1, 7LUC�k�
î¼²£Vg.

�­¡S : r = r(u1, u2)þk�^­�C : u1 = u1(t), u2 = u2(t). q�
3S þ÷C k���þ|a(t), =éC þ?�:P (u1(t), u2(t)), 3P :?k
��(½��þa(t), ·�rr1, r2 ��éAuP :?�²¡þ�ü�Ä�
þ, @o

a(t) = a1(t)r1 + a2(t)r2, (4.1)

ùpai(t) (i = 1, 2)¡��þa(t)�©þ. XJ¼êai(t)´ t�1w¼ê, K
¡a(t)�1w�þ|, ±�·�?Ø��þ|Ñ´1w�þ|.

• XJS ´²¡, ¿� (u1, u2)´���IX, @o�þ|a(t)¥¤k�
þÑp�²1�¿�^�´

da

dt
= 0, ½

da1

dt
= 0,

da2

dt
= 0.

• éu��­¡S, �?Ø�þ|a(t)¥�þ´Äp�²1, ·�k�	
da
dt . dGaussúª�

da

dt
=

∑ (
dak

dt
+ Γk

ija
i duj

dt

)
rk +

∑
ai duj

dt
bij n, (4.2)

dd��, da
dt ��Ø2´­¡þ���þ.

·�r da
dt U{��nÝK�­¡S ��²¡þ�, ���ÝK�þ�

∑ (
dak

dt
+ Γk

ija
i duj

dt

)
rk, (4.3)
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�,§´­¡S þ��þ
. ·�P

Da =
∑

(dak + Γk
ija

iduj) rk, (4.4)

¡§��þ|a(t)�÷­�C ��C�©½ýé�©.

Xþ¤�, ­¡S þ��þ|a(t)²LÊÏ�©�¤���da��Ø
2´­¡S þ��þ|, 
²Lýé�©�����þDaE�­¡þ��
þ|. Ïd3­¡S þ·�^�C�©�OÊÏ�©. ,	, d (4.3)�±w
Ñ�C�©�Vg��9­¡�1�Ä�/ª, Ïd�C�©´­¡�S%
AÛVg. �â (4.3)w�ÊÏ�©��C�©�m�'X´

da = Da +
∑

bija
idujn. (4.5)

e¡½nL², �C�©�ÊÏ�©kXaq��©{K.

½n 4.1 �X,Y ´­¡S þ÷­�C �ü���þ|, f ´½Â3
­�C þ�¢�¼ê, Kk

(1) D(X + Y ) = DX + DY ,

(2) D(fX) = df · X + f DX,

(3) D(X · Y ) = (DX) · Y + X · (DY ).

y² U½Â���y=�, 3�SK.

k
ýé�©�Vg, ·��±r²¡þ²1�Vgí2�­¡þ�.

²¡þ, ���þ|a´²1�þ|�¿�^�´da = 0. aq/, �a(t)

´­¡S þ÷­�C �����þ|. XJDa = 0, @o¡�þ|a(t)÷
­�C ´²1�þ|, ½ö`�þ|a(t)¥��þ(÷­�C )´p�²1�.

��±`ù��þ|¥��þ´da(s0) (÷­�C )²L²1£Ä���.

·�¡ù«²£�Levi-Civita²£. �,, XJ­¡´î¼²¡, @"�1
�Ä�/ª�I = ds2 = (du1)2 + (du2)2, d�Levi-Civita²18(�ÊÏ
²1.

d (4.4), Da = 0�¿�^�´

dak +
∑

Γk
ija

iduj = 0, k = 1, 2. (4.6)

Ï� (4.6)ª´'uak(k = 1, 2)�ü��5àg�§|, �â~�©�§|
)��3��5½n, ��½Ð©^�ak(s0) = ak

0 �, �§| (4.6)k��)
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ak(s). �ó�, 3­¡þz���þÑ�÷­¡þ�^­��Levi-Civita²
£�)��²1�þ|, ·�rù��þ|¡�d,�þ÷­�²1£Ä�
)�.

3î¼²¡þÊÏ�²£´�±�þ��ÝØC�, ¿�Ó��±ü�
�þ�m���ØC. @o­¡þLevi-Civita²1£Ä´Äkù�5�Q?

|^½n4.1(3), N´��
½n 4.2 Levi-Civita²1£Ä�±ü�þ�SÈØC�, ¤±�±�

þ�ÝÚü��þ�m�Y�ØC.

y3£��!m©JÑ�¯K, �	­¡þÿ/����þ|´Ä´²
1�þ|. �C : u1 = u1(t), u2 = u2(t)´­¡S þ�^­�, @o§���
þ|�V (t) = du1

dt r1 + du2

dt r2. Ïdd (4.6)ª��C þ��þ|V (t)´²
1�þ|�¿�^��

d2uk

dt2
+

∑
Γk

ij

dui

dt

duj

dt
= 0, k = 1, 2. (4.7)

ùTÐ�C ´ÿ/���©�§. Ïd��
½n 4.3 ­¡S þ�^­�C �ÿ/��¿�^�´§���þ|

3Levi-Civita²1£Ä¿Âe´²1�.

=~ 1> �¥¡S2 ��§�r(ϕ, θ) = {sinϕ cos θ, sinϕ sin θ, cos ϕ},
­�C : γ(θ) = r(ϕ0, θ)´S2 þ�����, 3θ = 0?���þγ ′(0) =

{cos ϕ0, 0,− sinϕ0}. y3·�5¦Ñγ ′(0)÷­�C ²1£Ä�)��þ|
V (t).

Ï�S2 �1�Ä�/ªXêÝ


(gij) =

(
1 0

0 sin2 ϕ

)
,

ÏdΓ2
12 = Γ2

21 = cos ϕ
sin ϕ ,Γ1

22 = − sinϕ cos ϕ, Ù{¤kΓk
ij ´". ù�²1£

Ä��§ (4.6)z� 
da1(θ)

dθ − sinϕ0 cos ϕ0 a2(θ) = 0,

da2(θ)
dθ + cos ϕ0

sin ϕ0
a1(θ) = 0,

(4.8)
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Ð©^��a1(0) = 1, a2(0) = 0, )�©�§| (4.8)�a1(θ) = cos((cos ϕ0)θ)

a2(θ) = − sin((cos ϕ0)θ)
sin ϕ0

,

ù�γ ′(0)÷­�C ²1£Ä�)��þ|�

V (θ) = cos((cos ϕ0)θ) r1 −
sin((cos ϕ0)θ)

sinϕ0
r2.

5¿V (0) 6= V (2π), Ïdγ ′(0)÷­�C ²1£Ä�±�vk£��5� 
�. AOe�ϕ0 = π

3 �, ²£�±�V (0)�V (2π)���TÐ��.

dd��, ��5`, ­¡þ��þ÷�^µ4­�²1£Ä�±�
¤����þ����þ�7­Ü, =Levi-Civita²1£Ä��´k', ù
´�­­¡þ�AÛÆ�î¼²¡AÛÆ����O. e�!·�ò^
Gauss-Bonnetúª�Ñ���þ÷­¡þ�^4­�²£�±��)��
�.

SK4–4

1. y²½n4.1.

2. �­¡�1�Ä�/ª� I = du2 + 2F du dv + dv2. y²�I­���þ
|ru, rv ©O÷X�I­�u =~ê�v =~ê´²1�.
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