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4.3 ÿÿÿ///���

²¡AÛ¥, ��å
�~­���^. �!·�F"éÑ?¿­¡þ
����^aq�­�, �ó�, F"éÑ²¡þ��3­¡þ�éAÔ, ò
ù«éAÔ¡��ÿ/�. �d, ·�Äk£Á²¡þ���XeÄ�5�:

(SL1) ���A�´�é­Çð�";

(SL2) d�:Ú���, ��(½�^��;

(SL3) ²¡þ, ü:�mk���^��ë(;

(SL4) ²¡þ, ü:�m��ãål�á;

(SL5) ²¡þ, ÷��, ��þ´²1�.

ïÄ�L§���k�Ñÿ/��½Â, ,�éì²¡þ���þãÊ
^Ä�5�, ?Ø­¡þ�ÿ/�´Ä�äkaq�5�. XJ'��(J
-\÷¿�{, \�,¬ú�­¡þ¯õ­�¥, ÿ/�´­��, 
�´�
�ïÄ�é�.

­¡S þÿ/­Çð�u0�­�C, ¡�­¡S þ�ÿ/�.

(SL1) �­¡´²¡�, ����IX, KE = G = 1, ù�O�ÿ/
­Ç�Liouvilleúª=�κg = dθ

ds , ù�´²¡­���é­Ç. ��­¡þ
­��ÿ/­Ç´²¡­��é­Ç3­¡þ�í2. Ù�, ²¡þ�é­
Ç�"�­�´��, Ïdÿ/��w�²¡þ���Vg3­¡þ�í2.

(SL2) ÿ/���35 dÚn2.1 (iii),

κg(n × T ) =
2∑

k=1

d2uk

ds2
+

2∑
i,j=1

Γk
ij

dui

ds

duj

ds

 rk.

Ïd

κg = 0 ⇐⇒ d2uk

ds2
+ Γk

ij

dui

ds

duj

ds
= 0, (k = 1, 2) (3.1)

dd��, ­¡þÿ/���35�du�©�§| (3.1)�)��35.

�§| (3.1)´±u1(s), u2(s)�ÏCþ, ±s�gCþ���~�©�
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§|, d~�©�§|�nØ, XJ·��½Ð©^�

ui(s0) = ui
0,

dui

ds
(s0) =

(
dui

ds

)
0

, i = 1, 2 (3.2)

K3s = s0 ���·����S, �§| (3.1)k÷vÐ©^� (3.2)���
)ui = ui(s), i = 1, 2. r§��ëê�§, Ò��­¡þ��^ÿ/�.

5¿�Ð©^� (3.2)�AÛ¿ÂÒ´3­¡þ�½�:P0(u1
0, u

2
0)9

3T?���½��
(

du1

ds

)
0

:
(

du2

ds

)
0
. Ïd·���

½n 3.1 l­¡S þ?¿:Ñu, ÷X?Û�� (du1, du2), oUÚÑ
���^ÿ/�(�,ù^ÿ/�==½Â3Ñu:�����S, ù´�
�ÛÜ�35½n1).

AO/, e­¡S ��I���, @oÿ/���©�§��±^
LiouvilleúªL«�

dθ
ds = 1

2
√

G
∂ ln E

∂v cos θ − 1
2
√

E
∂ ln G

∂u sin θ,

du
ds = cos θ√

E
,

dv
ds = sin θ√

G
.

(3.3)

ù´±u(s), v(s), θ(s)�ÏCþ, ±s�gCþ���~�©�§|. �½Ð
©^� u = u0, v = v0 (L«­¡þ��½:)

θ = θ0 (L«­¡þ���)

�â~�©�§|�nØ, �§| (3.3)k÷vTÐ©^����). =S þ
L�½:9T:?�����k���^ÿ/�.

k�·�r (3.3)ªU��
dv
du =

√
E
G tan θ

dθ
du = 1

2

√
E
G

∂ ln E
∂v − 1

2
∂ ln G

∂u tan θ
(3.4)

1ÿ/�UÄò��Ã¡�, �9�­¡���5. ­¡¡�´���, XJ§�
z�^ÿ/�Ñ�±Ã�ò�. HopfÚRinow�Í¶½nw�·�, ­¡´���
��=�§��Ýþ�m´���.
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ù´±v(u), θ(u)�ÏCþ, ±u�gCþ���~�©�§|, §éuz�
Ð©^� v(u0) = v0, (L«­¡þ��½:)

θ(u0) = θ0 (L«­¡þ���)

k��)v = v(u), θ = θ(u), dd(½
­¡þ���^ÿ/�.

=~ 1> Á(½¥¡þ�ÿ/�.

=)> �C ´�»�R�¥¡þ���(l), KÙ�C �­Çk = 1
R ,

{­Çkn = ± 1
R , u´C �ÿ/­Çκg = ±

√
k2 − k2

n = 0. l
¥¡þ��
�­�(ã)´ÿ/�.

,��¡, éu¥¡þ?��½:9ù:���ü ��þ, Ñ�Ú�
^��l, ¦�ù���lÏLù:93ù:���l�ü ��þÒ´�
½�ü �þ, 
ù��lÒ´ÿ/�, dÿ/����5�¥¡þ¤kÿ
/�Ò´��l�N.

=~ 2> ¦²¡þ�ÿ/�.

=)> d����ÿ/���©�§, ²¡I = du2 + dv2 þ�ÿ/
���©�§� 

dv
du = tan θ

dθ
du = 0

Kkθ = const., v = u tan θ + c (c�È©~ê), =²¡þ�ÿ/�´��.

(SL3) �	¥¡þH4:Ú�4:, d~2�, ë(H4Ú�4ü:�
¤k²�Ñ´ÿ/�, ��, ­¡þë(ü:�ÿ/���Ø��. 2X, �
­¡S = R2\(2, 0), KÙþë(: (0, 0)Ú: (4, 0)�ÿ/�Ø�3.

(SL4) ÿ/��á§5� ¯¤±�, 3²¡þë�ü:�mål�
á��´´��. 3­¡þ, ÿ/��äkaq�5�.

½n 3.2 ­¡þë(ü:ål�á�­��½´ÿ/�.

y² �P,Q´­¡S : r = r(u1, u2)þ?¿ü:, C : ui = ui(s) (s ∈
[a, b])´S þë�P,Qü:��^l�ëê­�, =kr(a) = P, r(b) = Q.

�
n)½n¥“�á”�¹Â, e¡k{�0�­¡þ­�C©�Vg.
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4­�C 3­¡S þ��±ü�à:�ëYCÄ, ��­¡þ�x­�
{Ct}, §��ëê�§�

Ct : r(s, t) = r(u1(s, t), u2(s, t)), s ∈ [a.b], t ∈ (−ε, ε),

ùp t´­�xëê, t = 0��­�C0 �ÐÒ´­�C; s´­�Ct �ë
ê(ùp7L5¿, s´­�C �l�ëê, ��7´Ct �l�ëê). ù��
��­�x{Ct}¡�­�C ���C©. {ü/`, ­�C �C©Ò´ò­
�C i\�3§±�Cz���­�xCt ¥�. u´“�á”�¹ÂÒ´é
u­�C �?ÛC©{Ct}, C ��ÝØ�LC©­�x{Ct}¥?Û­��
�Ý.

XJ·�P­�Ct ��Ý�L(Ct), KC = C0 ´�á�7�^�´

d

dt

∣∣∣∣
t=0

L(Ct) = 0. (3.5)

e¡·��r^� (3.5)L«Ñ5, ,�|^§�¤½n�y².

�·��½ëês , 
CÄ t�, Ò��
­¡þ,�x­�, §���
þ� ∂r

∂t , ¤± ∂r
∂t

∣∣
t=0

´­¡S ÷­�C �����þ|, u´·�-

∂r(s, t)
∂t

∣∣∣∣
t=0

= f(s)T + h(s) (n × T ),

¡��C©�þ|, Ù¥f(s), h(s)´÷­�C ½Â�ü�1w¼ê. du­
�C �ëYCÄ�?¿5, ��¼êf(s), h(s)�?¿5. ù�:ò3e¡¬
�^�. k
C©�þ|, ·��±»��XeO�:

dL(t)
dt

∣∣∣∣
t=0

=
∫ b

a

∣∣∣∣∂r(s, t)
∂s

∣∣∣∣−1/2 (
∂2r(s, t)

∂t ∂s
· ∂r(s, t)

∂s

)
t=0

ds

=
∫ b

a

(
∂2r(s, t)

∂t ∂s
· ∂r(s, t)

∂s

)
t=0

ds

=
∫ b

a
T · [f ′T + f Ṫ + h′(n × T ) + h(ṅ × T + n × Ṫ )] ds

=
∫ b

a
[hT · (n × Ṫ ) + f ′] ds
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du Ṫ = κN = κnn + κg(n × T ), �\þªUYO���

L′(0) = f(b) − f(a) −
∫ b

a
hκg ds,

qÏ�3s = a, b?, r =~�þ, ¤±

∂r(s, t)
∂t

∣∣∣∣ t=0
s=a,b

= 0,

=kf(a) = f(b) = 0. u´

L′(0) =
d

dt

∣∣∣∣
t=0

L(Ct) = −
∫

hκg ds. (3.6)

(3.6)¡�l�1�C©úª.

y3, �­�C ´ë(ü:P,Q��Ý�á�­�, KL′(0) = 0, ·�
y²C �ÿ/�. ��3­�C þ:x?kg(x) 6= 0, Ø��kg(x) > 0, u´
dëY5, �3:x������Ux, ¦�3Ux þκg > 0. �C2 ¼ê,

h =

h(s) > 0, s ∈ U◦
x

h(s) = 0, Ù§

ù�, (3.6)ªmàÈ©�u0, �L′(0) = 0gñ, aq/y²κg(x) < 0�Ø
�U. l
��Ø¤á, =­�C �ÿ/�. ¤

5¿, ½n3.2�`²�áë�´ÿ/�, ù¿Ø¿�Xÿ/��½´
�áë�. X3¥¡þ?���»à:�ü:, ë�§��ÿ/�(=��
l)kü^, �^`l, �^�l, �l´�á�, 
`l%Ø´. qX3�Î
¡þ, é(?¿ü:�Ãêõ^Ú�(�)�1�Ú��)¥, 3���¹e,

k�^7Î¡Øv�±, 3AÏ�¹e, kü^7Î¡TT�±. ù
Ñ´
�áë�, Ù{ÑØ´.

¯¢þ, d (3.6), ÿ/��´l���.�, ´Ä����6ul��
��C©. ØL, e¡½nw�·�, XJ3��·���­¡�¥, ÿ/�
(¢´�áë�.

½n 3.3 3�¡¿©��­¡¡þ, �^ÿ/�´§gCþ¡?¿ü
:��áë�(Ïdÿ/�q¡á§�).
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�
y²ÿ/�ù��á5, ·�k3­¡þïá�ÿ/�I�.

3­¡S þ��^­�C , �½n3.1��3C þz�:9�C ���
��7k�^ÿ/�. Ïd���x�C ���ÿ/�. ù
ÿ/�3·�
��«�U Sp�Ø�, 
3ù�«�U Sz�:Táx¥��^ÿ/�.

2�ùxÿ/����;�, ¡§�ÿ/²1�. ù�3U ¥��üx­�,

�3U ¥z�:kzx¥����^­�. �ÿ/�x�u-�x, ÿ/²1
��v-�, K�ÛÜëê�I�, ù«ëê�¡�­¡þ��ÿ/�I�, d
�r (u, v)¡��ÿ/�I.

y�Ä­¡S þæ^�ÿ/�I��, §�1�Ä�/ªkÛA:. Ä
k, �ÿ/�I�´���, K

I = Edu2 + Gdv2.

Ùgduu-�´ÿ/�, dLiouvilleúª=� 1
2
√

G
∂ ln E

∂v = 0. � ∂ ln E
∂v = 0,

ddE ��6uu. ù�, -

dσ =
√

Edu,

Kσ �u-��l�(¯¢þ, ù�u -���§��¤r(u, v0) = r(u(σ), v0),

� | dr
dσ | = |ru

du
dσ | = 1, =σ ´u-��l�ëê), 
�S �1�Ä�/ª�

I = dσ2 + Gdv2.

e¡|^�ÿ/�I�y²ÿ/��á§5�.

½n3.3�y² �C ��¹3­¡S þ�«�U S��^ÿ/�, ù
pU v
�, ±¦3U S�ïá�ÿ/�I�. 3U þ�¹C 3S��xÿ
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/��u-�, §���;��v-�, KS �1�Ä�/ª�

I = dσ2 + Gdv2.

�P1 ÚP2 ´C þ?ü:, éAuC þ�l�ëê�σ1 9σ2 (�σ1 <

σ2), KC �l�L(C) = σ2 − σ1. eC∗ ´U Sé(P1 ÚP2 �?¿­�, Ù
�§��v = v(σ) , KC∗ �l��

L(C∗) =
∫ σ2

σ1

√
1 + G

(
dv

dσ

)2

dσ

≥
∫ σ2

σ1

dσ = σ2 − σ1 = L(C).


��k�dv = 0�, �Òâ¤á, �dv = 0=v = const., ù�C∗ ´u-­
�. Ïd�Ò¤á��=�C �C∗ ­Ü. l
y²
ÛÜ/, ÿ/�´é(
ü:��á�. ¤

·�ò3�Ù1o!r���5� (SL5)í2�­¡þÿ/���/.

Ø
±þ?Ø�Ê^5�	, ·�3ùp8BÑÿ/���
Ù§Ä�5�,

y²´N´�, 3�Öö��öS.

• ÿ/�äk�åØC5.

• ­¡S þ�^����­�C �ÿ/�, ��=�C �l�²¡�­
¡S ��²¡­Ü, =N = ±n.

• eü­¡S1 ÚS2 ÷�^­�C ��, K½öC Ó´S1 ÚS2 þ�ÿ/
�, ½öÑØ´.

• 3­¡þÓ�:, äk�Ó�����­�¥, ±ÿ/��­Ç��
�, ÿ/��­Ç�uÓ���{���­Ç.

• ­¡S þ�^­�C 3²¡þ��Ð���, ��=�C �S þ�ÿ
/�.

• ­¡þ, ��, 
��k��Q´ìC­�, q´ÿ/�.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�
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��, ·�ÏL~f�Ñÿ/��Ôn¿Â±(åd!.

=~ 3> 1e��:�±gd/3­¡þ$Ä, XÃ	å�^, K�
:3­¡þ�$Ä;,´�^ÿ/�.

=y²> ��:3­¡S þ�$Ä;,C ��§´r = r(t), Ù¥ t

´�m, ÏdT�:$Ä�\�Ý´

a =
d2r

dt2
=

d

dt

(
dr

ds

ds

dt

)
=

d

dt

(
α · ds

dt

)
=

dT

ds

(
ds

dt

)2

+ T
d2s

dt2

= κN

(
ds

dt

)2

+ T
d2s

dt2
,

Ù¥sL«$Ä;,­�C �l�, T ´C �ü ��þ, N ´C Ì{�ü
 �þ, κ´C �­Ç.

,��¡, �^u�:�\�Ý´d­¡���^å
�)�, ù�å
´÷­¡�{�n���. Ïd\�Ýa´÷X­¡{���, =a ‖ n, �
´n · T = 0, �k d2s

dt2
= 0, ù�da = κN

(
ds
dt

)2
+ T d2s

dt2
�ÑN = ±n , d

ÿ/��5��C ´ÿ/�.

SK4–3

1. y²^=­¡�fÌ�´ÿ/�, 
²1�=�fÌ����²1u^=
¶�´ÿ/�.

=y²> �xOz ²¡¥��^­�C : x = f(v), z = g(v)7 z ¶^=�±
����^=­¡��§�r(u, v) = {f(v) cos u, f(v) sin u, g(v)}, KÙ�

I = f2du2 + [(f ′)2 + (g′)2]dv2.

w,^=­¡�u-­����, v-­��²�, ½¡�fÌ�, ÏF = 0, ¤±^=­
¡�ùüxëê­�´���, d����ÿ/­Ç�Liouvilleúª, év-ëê­
�

κgv =
1

2
√

E

∂ lnG

∂u
= 0,

ù`²fÌ�´ÿ/�.
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Ó�éu-ëê­�

κgu = − 1
2
√

G

∂ lnE

∂v
= − f ′

f
√

(f ′)2 + (g′)2
.

dd�����¤�ÿ/���=�f ′ = 0, �é{`=Lù
��þ?Û:�1
�3T:����^=¶²1.

2. ¦�Î¡þ�ÿ/�.

=)> 3�Î¡r(u, v) = {a cos u, a sinu, v}þ,

I = a du2 + dv2 = dū2 + dv̄2 (ū = au, v̄ = v).

Ó~ 2, ���Î¡þÿ/���§�

v̄ = ū tan θ + c ½ v = (a tan θ)u + c,

Ù¥ c�È©~ê, θ �~ê. éA�¥þªëê�§�

r(u) = {a cos u, a sinu, (a tan θ)u + c},

ù�´�Î¡þ��ÎÚ�, =�Î¡þ�ÿ/�´�ÎÚ�, �,�)¤k�1
�( θ = π

2 )Ú��( θ = 0)3S.

3. y²: e­¡þ�¤kÿ/�Ñ´²¡­�, K­¡��ß:­¡.
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