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­¡�S%AÛ

�â1�Ù�?Ø, ����­¡S �1�Ä�/ªI, Ò�±3S

þO�l�!�ÝÚ¡È. ,	, d1nÙ�Gauss½n, �N­¡�­�
Gauss­Ç�=d1�Ä�/ªû½. ù
Ñý«X­¡�Ýþ%ºX­¡
�AÛ. ·�r=d1�Ä�/ªû½�AÛ¡�­¡�S%AÛÆ. �Ù
òUYïÄ­¡�S%AÛ, Ì�SN�): ­¡þ�C�©�Vg; ­¡
þ�ÿ/�Ú²1£Ä, Gauss-Bonnetúª�.

3Ðm�ÙäNSN�c, 4·�25£��g'u­¡�?Ø{§,

±\�é“S%”�c�O(n). ¯¢þ, 'u­¡�?Ø·��Ñu:´
ò­¡S “�3”R3 ¥, w¤R3 �f8, =�Ñ­¡S ��«�KëêL«
r(u, v), u´B�±½ÂS þ�ü {�þ|

n(u, v) =
ru × rv

|ru × rv|
½ − ru × rv

|ru × rv|
.

�À½��ü {�þ|n(u, v)��, |^R3 ¥IOSÈ 〈·, ·〉B�±½Â
1�Ä�/ªI = 〈dr, dr〉, 1�Ä�/ªII = −〈dr, dn〉, ddÐmé­¡S

�?Ø. XJ·��Ñò­¡S “�3”R3 ¥ù��cJ, ¿Ü·/�ÑÄ�
­¡91�Ä�/ª�½Â, ,�2Ðm?Ø. ù«�{��{ø
R3, Ò
­¡S ��?1?Ø, ù´p*:e“S%”�c�¹Â, ��´RiemannA
Û�Ä�:.

4.1 ­­­¡¡¡������åååCCC���

Ù�­¡�1�Ä�/ªÚ1�Ä�/ª´R3 �ÜÓC�+e�ØC
þ, dd��, cüÙïÄ��´­¡3R3 �ÜÓC�+e�ØCþ½ØC
5�. 
�·�ïÄ=d1�Ä�/ª¤û½�S%AÛ�, ·��±3�
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a�2��C�+— �åC�+e?1. �!ò�Ñ­¡��åC��½
Â, ¿?ØÙÄ�5�.

�f : S → S∗ ´üÜ­¡m���1:1éA. ef �±S �S∗ þ?¿é
A­�(ã)�l�ØC, K¡f ´­¡S �­¡S∗ þ����åC� ½�å
éA, ù�¡­¡S �S∗ �å�d.

w,, R3 �î¼$Ä´�åC�, �­¡�m��åC�Ø�½Ò´î
¼$Ä, �Ò´`ü��å�d�­¡Ø�½´ÜÓ�. ~X, r�Ü�ò¤
�Ù, �Ù�Á²���,´�å�, �§�ØUÏLî¼$ÄUÜ��å.

ÜÓ�ü�­¡äk�Ó�S3Ú	3AÛ, �²w/ØUMF"�å
�d�ü�­¡äk�Ó�	3AÛ, X²¡�Î¡. ØL, e¡½nw�
·�, �å�d�ü�­¡äk�Ó�S3AÛ.

½n 1.1 ü�Ck ­¡�m���Ck �©Ó�´�å�©Ó�⇐⇒
²L·��ëêÀJ�, ü�­¡äk�Ó�1�Ä�/ª.

y² �Ck ­¡S �S∗ �m����©Ó�´�å�, 
�3éA:
��Ó�ëê1, K­¡S þ?¿�^­�r(t) = r(u(t), v(t))(a ≤ t ≤ b)Ú
­¡S∗ þ�éA­�r∗(t) = r∗(u(t), v(t))(a ≤ t ≤ b)A�k�Ó��Ý,

=éu?¿a!b (a < b)k

∫ b

a

√
E

(
du

dt

)2

+ 2F
du

dt

dv

dt
+ G

(
dv

dt

)2

dt

=
∫ b

a

√
E∗

(
du

dt

)2

+ 2F ∗du

dt

dv

dt
+ G∗

(
dv

dt

)2

dt,

@oéuùü�­¡��ééA:, k

E

(
du

dt

)2

+ 2F
du

dt

dv

dt
+ G

(
dv

dt

)2

= E∗
(

du

dt

)2

+ 2F ∗du

dt

dv

dt
+ G∗

(
dv

dt

)2

,

1­¡S∗ 3ëêC�(1.1)ªe�ëê�§�r∗(u∗, v∗) = r∗(u∗(u, v), v∗(u, v)),

·�r (u, v)��S∗ �#ëê. @oS �S∗ �éA:Òk�Ó�ëê� (u, v), =
P (u, v) → P ∗(u∗(u, v), v∗(u, v)). Ïd, ù�ÿ­¡S �S∗ þéA­�Òk�Ó�
ëê�§u = u(t), v = v(t) (�,3�m¥�§ØÓ), Ïd3éA:, éA���±
^�Ó��©du : dv 5L«.
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ù´'uE,F,G; E∗, F ∗, G∗; (du : dv)�ð�ª, ¤±

E = E∗, F = F ∗, G = G∗.

7�5��y², ¿©5´w,�.

íØ 1.2 �å�d�ü�­¡, 3éA:äk�Ó�Gauss­Ç(_·
KØ¤á, ·�ò3�Ù1o!��y²).

�·�r²¡ò¤�Î¡�, ²¡þ���3�Î¡þ��Ï~Ø2
´��, =­¡þ�^­��­Ç3�å�©Ó�e´�UC�. dd��,

­¡þ(¢�3�Ü©AÛ5�½AÛþ´ØUd1�Ä�.��(½, =
Ø´S%þ½S%5�, §��¡�­¡�	3þ½	35�.

½n 1.3 �Ð­¡�²¡ÛÜ�å�d, ��, �²¡�å�d�­
¡7��Ð­¡. l
�Ð­¡�q�A�´�²¡�å�d.

y² du�Ð­¡ÛÜ/½�Î¡, ½�I¡, ½�,�m­���
�­¡, ¤±·��I�©Oy²ùn«­¡Ñ�²¡�å�d=�.

(1) ²¡�Î¡ 3���IXe, ²¡S : r(u, v) = {u, v, 0}�1�
Ä�.�IS = du2 + dv2. ±��1�R��­�a(s)���, b0 ��1�
þü ¥þ�Î¡S∗ �ëê�§�S∗ : r∗(s, λ) = a(s) + λb0, §�1�Ä
�/ª´IS∗ = ds2 + dλ2. w,3ëêéAλ = u, s = v e, IS = IS∗ , Ïd
Î¡(¢�²¡�å�d.

(2) ²¡�I¡ -r(ρ, θ) = {ρ cos θ, ρ sin θ, 0}, ù´²¡S 34�
IXe�ëê�§, §�1�Ä�/ª´IS = ρ2dθ2 + dρ2. ±a0 �º:,

b(s)��1�þ�ü ¥þ�I¡S∗ �ëê�§��¤S∗ : r∗(s, λ) =

a0 + λb(s), Ù¥s�ü ¥¡­�b = b(s)�l�, K§�1�Ä�/ª´
IS∗ = λ2ds2 + dλ2. w�ëêéAλ = ρ, s = θ ´�åéA, ÏdI¡(¢�
²¡�å�d.

(3) ²¡��m­����¡ �C : r = r(s)´�^±l�s�ëê
��mL­�, KC ���¡S äkëêL«r(s, v) = r(s) + vα(s), §�1
�Ä�/ª�IS = (1 + v2k2)ds2 + 2dsdv + dv2, Ù¥k = k(s)�­�C �
­Ç¼ê. ØJuy, IS �­�C �LÇÃ'. Ïd�^k∗ = k(s)��®�

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä]
 4

¼ê, �E�^²¡­�C∗ ¦Ù­Ç�Ð´k(s). ù�±5, C∗ ���¡S∗

�C ���¡S äk�Ó�1�Ä�/ª. �S∗ ´²¡(½²¡��Ü©),

¤±��¡S �±�²¡�å�d.

��, ��­¡S �²¡�å�d, díØ1.2, S �Gauss­Ç??�
", l
T­¡7��Ð­¡. ¤

du�åC��±­¡�1�Ä�/ª, §½�±­¡þü^��­�
3�:?�Y�ØC. ü�­¡S ÚS∗ �m�1:1éA, XJ=�±?¿ü
^��­�3�:?�Y�ØC, K¡�­¡���C�.

��C�´'�åC��2���aC�, ��C�Ø2�±­¡�1
�Ä�/ª. �·�k

½n 1.4 ü�Ck ­¡S ÚS∗ �m���Ck �©Ó�´�/�©
Ó�⇐⇒²L·��ëêÀJ�, ü�­¡�1�Ä�/ª¤'~, =
IS = λ2 I, (λ 6= 0) .

y² ¿©5´w,�. �u7�5, du�/éA�±ü^­���
�5ØC, ¤±lúª

Eduδu + F (duδv + dvδu) + Gdvδv = 0,

��
E∗duδu + F ∗(duδv + dvδu) + G∗dvδv = 0,

��δu!δv , B�
Edu + Fdv

E∗du + F ∗dv
=

Fdu + Gdv

F ∗du + G∗dv
.

duduÚdv �?¿5, ·���

E : F : G = E∗ : F ∗ : G∗.

½n 1.5 ?Û­¡ÛÜ7�²¡�/éA2. Ïd, ­¡þo�3ÛÜ
ëê (u, v), ¦­¡�1�Ä�.Ly�I = λ2(u, v)(du2 + dv2). ù��ë
ê (u, v)�¡� �§ëê.

2y²�Ñ
�Ö���, ë�Chern S. S. An elementary proof of the existence

of isothermal parameters on a surface. Proc. of AMS, 1955(6); 771-782.
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SK4–1

1. y²1�aÄ�þE,F,G�~ê�­¡Ú²¡�å�d.

=y²> �­¡S �1�Ä�/ª� I = Edu2 + 2Fdudv + Gdv2, Ù¥
E,F,G�~ê(=�ëêÃ' ). é1�Ä�/?1·�C/

I =
(√

E du +
F√
E

dv

)2

+
(

G − F 2

E

)
dv2

=
(√

E du +
F√
E

dv

)2

+

(√
EG − F 2

E
dv

)2 (1.1)

- x =
√

E u + F√
E

v,

y =
√

EG−F 2

E v,
(1.2)

K ∣∣∣∣∂(x, y)
∂(u, v)

∣∣∣∣ =

∣∣∣∣∣ ∂x
∂u

∂x
∂v

∂y
∂u

∂y
∂v

∣∣∣∣∣ =

∣∣∣∣∣∣
√

E F√
E

0
√

EG−F 2

E

∣∣∣∣∣∣ =
√

EG − F 2 > 0.

¤±ëêC� (1.2)�NN�ëêC�, d (1.2)�dx =
√

E du + F√
E

dv,

dy =
√

EG−F 2

E dv,

�\ (1.1)� I = dx2 + dy2, �²¡�1�Ä�/�Ó, =­¡S �²¡�å�d.

2. e­¡þk��, Áy²ù��­¡Ø�U�¥¡�å�d.

=y²> du���{­Ç�", �âEulerúª�, ÷��­¡�Gauss

­ÇK = k1 · k2 ≤ 0. 
¥¡�Gauss­Çð��, Ïd, ¹k���­¡Ø�U�
¥¡�å�d.

3. ®�­¡S �Gauss­Ç�K, ¦�S �/éA�­¡S∗ �Gauss­Ç.

=)> �â½n1.5, 3­¡S þ, À�ÛÜ�§ëê (u, v), u´k

IS = λ(u, v)(du2 + dv2),

ùpλ(u, v)´u, v ��C∞ ¼ê. q�3�/éAe, ­¡S∗ �1�Ä�.�
e2fIS , ùpf ´­¡S þ�¼ê. u´, dGauss�§, ·���S∗ �Gauss­Ç

K∗ = − 1
2e2fλ

(
∂2

∂u2
+

∂2

∂v2
) ln(e2fλ),

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä]
 6

du

ln(e2fλ) = 2f + lnλ, K = − 1
2λ

(
∂2

∂u2
+

∂2

∂v2
) ln λ,

Ïd
K∗ = −e−2f (∆Sf − K),

ùp∆S �­¡S �Laplace�f, �∆Sf = 1
λ ( ∂2

∂u2 + ∂2

∂v2 )f .

�K��¯K´: 3��®�­¡þ?���C∞ ¼êK∗, UÄé�þãC∞

¼êf , ¦�
∆Sf − K + e2fK∗ = 0,

ùÒ´�©AÛ¥k¶�Yamabe¯K���AÏ�¹, 8�c��Ïm©, �©A
ÛÆ[²Lq£ó�, ùa¯K8c®Ä�)û.

4. y²¥4ÝK�Ñ¥¡(Ø�4	)�²¡����/éA.

=y²> �Xã¤«����m���IXÚëêu, v, K¥¡�²¡þ�
éA:P (x, y, z)ÚP ∗(x∗, y∗, 0)kXe'Xª

x = OQ cos v = 2R sinu cos u cos v,

y = OQ sin v = 2R sinu cos u sin v,

z = PQ = OP sinu = 2R sin2 u.

x∗ = OP ∗ cos v = 2R tanu cos v,

y∗ = OP ∗ sin v = 2R tanu sin v,

ùpR ´¥¡�». N´O�¥¡Ú²¡3þ
ãëêL«e�1�Ä�/ª©O�

I¥¡ = 4R2(du2 + sin2 u cos2 udv2),

I²¡ =
4R2

cos4 u
(du2 + sin2 u cos2 udv2).

¥¡(Ø�4	)�~^��§ëê�þL«´

r(u, v) =
(

2u

u2 + v2 + 1
,

2v

u2 + v2 + 1
,
u2 + v2 − 1
u2 + v2 + 1

)
.

1�Ä�/ª´
I =

4
(u2 + v2 + 1)2

(du2 + dv2).

{¤þ, ¥¡Ú²¡��/éA�k,�«�{, X^²�Ý (u, v)��¥¡
�ëê, Kü ¥¡(ØH�4	)��§�r(u, v) = {cos v cos u, cos v sinu, sin v},

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�
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�
I = ds2 = cos2 v du2 + dv2,

-u = x, v = f(y) , ùpC∞ ¼êf(y)��½¼ê, u´

I = cos2(f(y)) dx2 + (f ′(y))2 dy2,

XJé��f(y), ¦�f ′(y) = cos f(y) , K

I = cos2(f(y))(dx2 + dy2),

¥¡Ò�²¡�/éA.

l df
cos f = dy ���)

y =
∫

df

cos f
= ln | tan(

f

2
+

π

4
)| + C.

±�ðk÷ (Mercator)/ã��{´^þªr/¥þ²�Ý (u, v)�:x3
²¡þ���I� (x, y)�:?, ù�fÌ��y-¶�²1�éA, ���x-¶�²
1�éA.
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