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3.4 ­­­¡¡¡������333������555½½½nnn

�!òA^c¡®²���­¡g,Ie�$Ä�§Ú­¡�(��
§, y²­¡��3��5½n—=­¡Ø�Ä�½n. ù�­�Ø�Ä�
½n�aq. ­�d­ÇÚLÇ(½, 
­¡d1�!1�Ä�/ª(½.

½n 4.1 (��5½n) �S1 : r = r(u1, u2)ÚS2 : r̃ = r̃(u1, u2)´
½Â3Ó�ëê«�D þ�üÜ­¡, XJé∀ (u1, u2) ∈ D, S1 ÚS2 3:
(u1, u2)äk�Ó�1�Ä�/ªÚ1�Ä�/ª, KS1 ÚS2 ����R3

�fN$Ä.

y² duü­¡þæ^Ó�|ëê, Ïd3z�: (u1, u2)?­
¡S1 ÚS2 Ñk�Ó�1�Ä�/ªÚ1�Ä�/ª¿�§�3z�:
Ñk�Ó�1�Ú1�aÄ�þ. u´, ?��: (u1

0, u
2
0) ∈ D, Bk

|ri(u1
0, u

2
0)| = |r̃i(u1

0, u
2
0)|, i = 1, 2, 〈r1, r2〉(u1

0, u
2
0) = 〈r̃1, r̃2〉(u1

0, u
2
0), 
�

{r1, r2,n}�{r̃1, r̃2, ñ}þ´�½��. �g²L��·��fN$ÄT �,

·�Ø��S1 ÚS2 �g,Ie3: (u1
0, u

2
0)­Ü, =

{r(u1
0, u

2
0); r1, r2,n} = T {r̃(u1

0, u
2
0); r̃1, r̃2, ñ}. (4.1)

y3�(Ø´: ­¡S1 ÚT (S2)3¤kéAuÓ�ëê��:k�Ó
�1�aÄ�þÚ1�aÄ�þ, =§��g,Ie÷vÓ�| �©�§
|, 
�3: (u1

0, u
2
0)äk�Ó�g,Ie. �eI�y²�´S1 ÚT (S2)

�g,Ie??­Ü. du­¡�$Ä�§´'u{r; r1, r2,n}����5
 �©�§|, d���5 �©�§|'uÐ�¯K)���59 (4.1)

��r = r̃. ¤

½n 4.2 (�35½n) 3üëÏ«�D S�Ñ
'uëê (u1, u2)�
8�¼êgij � bij , (i, j = 1, 2), §�'u i, j é¡, �Ý
 (gij)´�½�, Ó
�§�÷vGauss-Codazzi�§, K3?¿�: (u1

0, u
2
0) ∈ D, 7k§���

��U ±9½Â3U þ����Këê­¡S : r = r(u1, u2), §�1�Ú

1�Ä�/ªT�
2∑

i,j=1
gijduiduj Ú

2∑
i,j=1

bijduiduj .
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y² �Ä±r, r1, r2, n���¼ê��� �©�§|


∂r
∂ui = ri,

∂ri

∂uj = Γk
ijrk + bijn, i, j = 1, 2,

∂n
∂ui = −bk

i rk.

(4.2)

¦)þã�§|��þ´¦)­¡Ie�$Ä�§. d���5 �©�§
nØ, �§| (4.2)k)�¿©7�^�´

∂
∂uj

(
∂r
∂ui

)
= ∂

∂ui

(
∂r
∂uj

)
,

∂
∂uk

(
∂ri

∂uj

)
= ∂

∂uj

(
∂ri

∂uk

)
,

∂
∂uj

(
∂n
∂ui

)
= ∂

∂ui

(
∂n
∂uj

)
,

(4.3)

d1n!�?Ø��, ^� (4.3)¤á�duGauss�§ÚCodazzi�§, Ï
dd½n�^���§| (4.2)´�)�. �Ò´`, �½�: (u1

0, u
2
0) ∈ D

9Ð�r0, r0
i , n0, �3: (u1

0, u
2
0)���U 9½Â3U þ�¼êr(u1, u2),

ri(u1, u2),n(u1, u2)÷v�§| (4.2)ÚÐ�^�


r(u1

0, u
2
0) = r0,

ri(u1
0, u

2
0) = r0

i ,

n(u1
0, u

2
0) = n0.

(4.4)

y�Ð�r0, r0
i , n0 ÷v


〈r0

i , r
0
j 〉 = gij(u1

0, u
2
0),

〈r0
i ,n

0〉 = 0,

〈n0,n0〉 = 1, (r0
1, r

0
2,n

0) > 0.

(4.5)

±ey²�§| (4.2)�), ÙÐ�^�÷v (4.5)�, ´¤¦�­¡.

�ÄU þ�¼ê 〈ri, rj〉, 〈ri,n〉, 〈n,n〉, d (4.2)ª�±í�§�÷v
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Xe���5 �©�§|

∂〈ri,rj〉
∂uk = Γl

ik〈rl, rj〉 + Γl
jk〈rl, ri〉

+bik〈rj ,n〉 + bjk〈ri,n〉,
∂〈ri,n〉

∂uj = Γl
ij〈rl,n〉 + bij〈n,n〉 − bk

j 〈ri, rk〉,
∂〈n,n〉

∂ui = −2bj
i 〈rj ,n〉.

(4.6)

w, 〈ri, rj〉 = gij , 〈ri,n〉 = 0, 〈n,n〉 = 1´�§| (4.6)��|). dÐ�
^� (4.5)±9���5 �©�§|'uÐ�¯K)���5��

〈ri, rj〉 ≡ gij , 〈ri,n〉 ≡ 0, 〈n,n〉 ≡ 1.

Ïdr1, r2 �5Ã', r(u1, u2)´R3 ��Üëê­¡, ±
∑

gijduiduj �1
�Ä�/ª. dun�r1, r2 R�, )�ëY5±9 (r1, r2,n)(u1

0, u
2
0) > 0,

�y
r1, r2,n´�½�. Ïdn = r1×r2
|r1×r2| . d�§| (4.2)�1�ª�∑

bijduiduj =
∑

〈rij ,n〉duiduj ´T­¡�1�Ä�/ª. ¤

Ä�½nw�·�, e�m¥ü�­¡S1 �S2 3éA:k�Ó�1�
Ú1�Ä�/ª, @o²L��fN$Ä�½�±rS1 ÚS2 ­Üå5, �ó
�, ùü�­¡�/G���Ó. ¤±·�`­¡�/G��d§�1�Ú
1�Ä�/ª¤û½, ùÒ£�
�!�ÐJÑ�¯K.

��·�rN±e, g,Ie�$Ä�§´�����5 �©�§
|, 
(��§(=Gauss�§ÚCodazzi�§) ¢�þ´ù� �©�§|
��È5^�.

=~3> ®�E = 1, F = 0, G = sin2 u;L = 1, M = 0, N = sin2 u,

Ù¥0 < u < π, ¦T­¡.

=)>

SK3–4

1. �äe¡�Ñ��g�©ªφ, ψ UÄ��R3 ¥�Ü­¡�1�Ä�/ª
Ú1�Ä�/ª? `²nd.
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(1) φ = du2 + dv2, ψ = du2 − dv2;

(2) φ = du2 + cos2u dv2, ψ = cos2u du2 + dv2.

2. ¦­¡S �ëê�§, ¦�§�1�Ä�/ªÚ1�Ä�/ª©O�

I = (1 + u2)du2 + u2 dv2, II =
1√

1 + u2
du2 + u2 dv2.
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