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3.3 ­­­¡¡¡���(((������§§§

y3·�|^­¡�$Ä�§5ïÄ­¡�1�!1�Ä�/ªXê
�m�'X. �Ck � (k ≥ 2)­¡S ��§�r = r(u1, u2), K­¡�Ä�ú
ª� rij =

∑
Γk

ij rk + bij n

nj = −
∑

bk
j rk, (bk

j =
∑

gklblj),
(3.1)

é�þri $^��ëY �ê���gS�{K, 7L¤á

rijl = rilj ,

Ïd7Lk

∑ ∂Γk
ij

∂ul
rk +

∑
Γk

ij(
∑

Γm
kl rm + bkln) +

∂bij

∂ul
n + bij(−

∑
bk
l rk)

=
∑ ∂Γk

il

∂uj
rk +

∑
Γk

il(
∑

Γm
kl rm + bkjn) +

∂bil

∂uj
n + bil(−

∑
bk
j rk),

|^r1, r2,n´�5Ã'Ò�Ñ

∂Γk
ij

∂ul
−

∂Γk
il

∂uj
+

∑
Γm

ij Γ
k
ml −

∑
Γm

il Γ
k
mj = (bijb

k
j − bilb

k
j ), (3.2)

∂bij

∂ul
− ∂bil

∂uj
+

∑
Γm

ij bml −
∑

Γm
il bmj = 0, (3.3)

Ïd­¡S �1�, 1�Ä�/ªXêgij!bij 7L÷v (3.2), (3.3)ü
ª, ·�¡ùü|�§�­¡�Ä��§, Ù¥(3.2)ª¡�Gauss�§,

(3.3)ª¡�Codazzi�§, Ü¡�Gauss-Codazzi�§, ½¡�­¡� (
��§.

�,·�lnji = nij , ��±íÑ1�, 1�Ä�/ªXê¤÷v�'
Xª, ��±y²dnij = nji �Ñ�'Xª�dCodazzi�§íÑ, Ïd�
ØÑ#�'Xª
. ë��Ú��Í5�©AÛ6P125−126 .

3 (3.2)Ú (3.3)¥, du i, j, k, l = 1, 2, ¤±Gauss�§ÚCodazzi�§
´ü|�§, ùü|�§/ªþéE,, �¢�þ, Gauss�§¥�k��Õ
á��§, 
Codazzi�§¥kü�Õá��§, e¡·�©O��`².
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• Codazzi�§ ∂bij

∂ul − ∂bil

∂uj +
∑

Γm
ij bml −

∑
Γm

il bmj = 0

w,� j = l �, Codazzi�§�ð�ª, 
�� j � l éN�, Codazzi

�§ØC. ��- j = 1, l = 2, K

∂bi1

∂u2
− ∂bi2

∂u1
+

∑
Γm

i1bm2 −
∑

Γm
i2bm1 = 0,

� i = 1�,

∂b11

∂u2
− ∂b12

∂u1
+

∑
Γm

11bm2 −
∑

Γm
12bm1 = 0, (3.4)

� i = 2�,

∂b21

∂u2
− ∂b22

∂u1
+

∑
Γm

21bm2 −
∑

Γm
22bm1 = 0, (3.5)

ù`²Codazzi�§�¹ü�Õá�'Xª.

• Gauss�§ ��	pd�§¥Õá'Xª��ê, ·�kÚ?P
Ò, -

Rk
ijl =

∂Γk
ij

∂ul
−

∂Γk
il

∂uj
+

∑
Γm

ij Γ
k
ml −

∑
Γm

il Γ
k
mj

¡Rk
ijl �1�aiù­ÇÜþ. w,Rk

ijl = −Rk
ilj , ÏdRk

ijl+Rk
jli+Rk

lij = 0.

2½Â

Rmijk =
2∑

l=1

gmlR
l
ijk,

¡Rmijk �1�aiù­ÇÜþ. N´�yXeð�ª

Rijkl = Rklij , Rijkl = −Rijlk, Rijkl = −Rjikl,

Rijkl + Riklj + Riljk = 0.

Ïdiù­ÇÜþ�16�©þ¥�k��Õá©þ, =

R1212 = R2121 = −R1221 = −R2112,

Ù{Ñ´", �pd�§¥�k��Õá�'Xª, =´

R1212 = b12b21 − b11b22.
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o(þã?Ø·��Ñ: 1�!1�aÄ�þ�m÷vn�'Xª, =

∂b11

∂u2
− ∂b12

∂u1
+

∑
Γm

11bm2 −
∑

Γm
12bm1 = 0, (3.6)

∂b21

∂u2
− ∂b22

∂u1
+

∑
Γm

21bm2 −
∑

Γm
22bm1 = 0, (3.7)

R1212 = R2121 = −R1221 = −R2112. (3.8)

½n 3.1 (pdý©½n) ­¡�pd­Ç´S%þ.

y² K = b11b22−b212
g11g22−g2

12
= −R1212

g . ¤

��5¿�´, ·�½Âpd­ÇK �Ì­Çk1 Úk2 �¦È, ù�9
�­¡�1�Ä�/ªXê, ¤±L¡þwK Ø´S%þ, �þã½nL²
Gauss­ÇK ¢�þ=d­¡�Ýþ5��û½, =K ´��S%AÛþ,

ù�´½n�ý©¤3.

��, ·�2�g£�GaussPÒ, �À��­���ëê­���,

Gauss�§�{z�

− 1√
EG

{[
(
√

E)v√
G

]
v

+

[
(
√

G)u√
E

]
u

}
=

LN − M2

EG
, (3.9)


Codazzi�§�{z�
(

L√
E

)
v
−

(
M√
E

)
u
− N (

√
E)v

G − M (
√

G)u√
EG

= 0,(
N√
G

)
u
−

(
M√
G

)
v
− L (

√
G)u

E − M (
√

E)v√
EG

= 0.
(3.10)

SK3–3

1. �­¡�1�Ä�/ª� I = λ2(du2 + dv2), Ù¥λ´ (u, v)�¼ê. y²
­¡�pd­Ç

K = − 1
λ2

(
∂2

∂u2
lnλ +

∂2

∂v2
lnλ

)
.

2. ®�­¡�1�Ä�/ªXe(Ù¥aþ�~ê),¦§��pd­Ç.

(1) I = du2+dv2

(1+ c
4 (u2+v2))2 ;
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(2) I = du2 + e
2u
a dv2.

3. y²: ²þ­Ç�~ê�­¡½��ß:­¡, ½ö§�1�!1�Ä�/
ª�±Ly�

I = λ(u, v)(du2 + dv2),

II = (1 + λH)du2 + (1 − λH)dv2. λ > 0

=y²> ÄkÀ�ÛÜ��ëê­����­Ç��, ÏdF = M = 0, 

�k1 = L/E, k2 = N/G, k1 + k2 = 2H. òÙ�\ (3.10)ª, ù�Codazzi�§{
z� (

L√
E

)
v

− k2(
√

E)v = 0, (3.11)(
N√
G

)
u

− k1(
√

G)u = 0, (3.12)

��O�B���
Lv = HEv, Nu = HGu,

duH ´~ê, ©OÈ©±þüªüà, ·�k

L = HE + φ(u), N = HG + ψ(v), (3.13)

ùpφ(u)Úψ(v)´©O�6uuÚv �ëY��¼ê. |^ (3.13)����y¤á
eª

φ(u)
E

= −ψ(v)
G

, (3.14)

�/ 1 e (3.14)ª'��", Kφ(u) = ψ(v) = 0, d (3.13), ­¡��ß:­
¡.

�/ 2 e (3.14)ª'�Ø�", ù�, ­¡þÃß:, ù�ü�Ì­Ç
k1 6= k2, Ø��k1 > k2, @o, l (3.13)ª�±��

φ(u) = L − HE = k1E − 1
2
(k1 + k2)E

=
1
2
(k1 − k2)E > 0,

aq/k
ψ(v) =

1
2
(k2 − k1)G < 0,

?
, �3�¼êρ(u, v)¦�

φ(u)
E

= −ψ(v)
G

=
1

ρ(u, v)
, (3.15)
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u´
E = φ(u)ρ(u, v), G = −ψ(v)ρ(u, v).

-
ū =

∫ √
φ(u) du, v̄ =

∫ √
−ψ(v) dv,

K
dū =

√
φ(u) du, dv̄ =

√
−ψ(v) dv,

∂(ū, v̄)
∂(u, v)

=
√

φ(u)
√
−ψ(v) > 0,

Ï
, ū, v̄ �±��­¡�#ëê, ù�ρ(u, v) = λ(ū, v̄), �­¡�1�Ä�/ª´

I = Edu2 + Gdv2

= ρ(u, v)[φ(u)du2 − ψ(v)dv2]

= λ(ū, v̄)[dū2 + dv̄2].

(3.16)

­¡�1�Ä�/ª´

II = Ldu2 + Ndv2

= [HE + φ(u)]du2 + [HG + ψ(v)]dv2

= [Hρ(u) + 1][
√

φ(u)du]2 + [Hρ(u) − 1][
√
−ψ(v)dv]2

= [Hλ(ū, v̄) + 1]dū2 + [Hλ(ū, v̄) − 1]dv̄2,

(3.17)

E^u, v �O (3.16)Ú (3.17)¥� ū, v̄, (Ø�y.

4. �­¡�1�Ä�/ª´E du2 + 2F dudv + Gdv2. y²§�Gauss­Ç
äkXeL�ª

K =
1

(EG − F 2)2


∣∣∣∣∣∣∣∣
−Guu

2 + Fuv − Evv

2
Eu

2 Fu − Ev

2

Fv − Gu

2 E F
Gv

2 F G

∣∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣∣

0 Ev

2
Gu

2
Ev

2 E F
Gu

2 F G

∣∣∣∣∣∣∣∣

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