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2.7 AAAÏÏÏ¡¡¡

3ù�!·�0�A�AÏ�¡, §�ÑkX²w�AÛ¿Â, �)
�«¡, �Ð¡, �ß:¡Ú4�¡.

2.7.1 ���«««¡¡¡
dëYx��/¤�¡¡��«¡, {¡�«¡. ùx��¥z�

^Ñ¡��«¡��1�. XÎ¡(1�²1), I¡(1��u�:), ü�V
¡, V�Ô¡, �m����¡�Ñ´�«¡.

�S : r = r(u, v)´��«¡, 3S þ��^�C : a = a(u), u ∈
(a, b), §Ú¤k�1�Ñ��, ù���C ¡��«¡���(5¿���
�{Ø��). -b(u)´L��C þ:a(u)?��1����¥þ, K�«
¡�ëê�§�

r(u, v) = a(u) + vb(u), a ≤ u ≤ b, −∞ < v < +∞. (7.1)

ùp, �«¡�v-��´�«¡��1�; u-���x�v-�����,

(Ù¥éAuv = 0�@^Ò´��C).

éu±a(u)�����«¡S : r(u, v) = a(u) + vb(u),

(1) ea(u) ¤�:, KS ´I¡;

(2) eb(u)´~�þ, KS �Î¡;

(3) eb(u) = a′(u) , KS ´�����¡;

(4) eb(u)´���Ì{�þ, KS ´���Ì{�¡;

(5) eb(u)´���B{�þ, KS ´���B{�¡.

2.7.2 ���ÐÐÐ¡¡¡
é�«¡ (7.1), Ù{�þ

ru × rv = a′ × b + vb′ × b,

w,, � (a′ × b) ∦ (b′ × b), ÷�1�(=v �), {�þ�UC��, ù��«
¡��²¡ò7�1�^=; � (a′ × b) ‖ (b′ × b), ÷�1�, {�þ�
UC��ØUC��, ù��«¡÷�1�Ò�k���²¡. dd��,

��/�«¡÷z^�1��²¡ò7�1�=Ä.
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�«¡e÷X§�z^�1�Ñ�k���²¡, ½ö`÷�1�,

{�þ²1, K¡Ù��Ð¡. �â½Â, w,Î¡ÚI¡Ñ´�Ð¡.

½n 7.1 �«¡S : r(u, v) = a(u) + vb(u)´�Ð¡��=�

(a′(u), b(u), b′(u)) = 0. (7.2)

y² Äk�«¡S �{�þ�ru × rv = (a′ + vb′) × b, �v1, v2 ´
?¿�^�1�(=u = const. )þüØÓ�:éA�ëê, K

[(a′ + v1b
′) × b] × [(a′ + v2b

′) × b] = 0

⇐⇒ (v2 − v1)(a′ × b) × (b′ × b) = 0

⇐⇒ (a′, b, b)b′ − (a′, b, b′)b = 0

⇐⇒ (a′, b, b′)b = 0

⇐⇒ (a′, b, b′) = 0.

��, ÷X�1�{�þ²1�¿�^�´ (a′, b, b′) = 0, =�«¡S ��
Ð¡�¿�^�´ (a′, b, b′) = 0. ¤

^ (7.2)ªN´�yÎ¡!I¡!�m����¡þ��Ð¡.

e¡·�òy²�Ð¡ÛÜ/�kùn«a..

½n 7.2 �Ð¡ÛÜ/½�Î¡, ½�I¡, ½�,^�m��
��¡.

y ² � � « ¡S : r(u, v) = a(u) + vb(u) � � Ð  ¡, K d ½
n7.1, (a′, b, b′) = 0, =a′, b, b′ �5�', u´�3Ø��"�¢¼ê
λ(u), µ(u), ν(u), ¦

λa′ + µb + νb′ = 0. (7.3)

(.) eλ = 0, KµÚν ØUÓ��0, d (7.3)�b ‖ b′, u´bäk�½
��, ù�¡�Î¡.

(/) eλ 6= 0, - t = −µ
λ , s = − ν

λ , K

a′(u) = t b(u) + s b′(u),

òS ��§U�¤

r(u, v) = (a(u) − s b(u)) + (v + s)b(u),
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¿-a∗(u) = a(u) − sb(u), K

da∗(u)
du

= (t − s′)b(u).

� e t = s′, Ka∗(u)´~�þ, P�a∗. �ëêC�ū = u,

v̄ = v + s,
(7.4)

KÏ�
∣∣∣∂(ū,v̄)
∂(u,v)

∣∣∣ = 1 6= 0, �ëêC� (7.4)´NN�ëêC�, ± (ū, v̄)

��#ëê�, ¡S ��§��¤

r(ū, v̄) = a∗ + v̄ b(ū),

§L«±a∗ �º:, ±b(ū)��1����I¡.

� e t 6= s′, Kl da∗(u)
du = (t − s′)b(u)�

b(u) =
1

t − s′
da∗(u)

du
,

�ëêC� ū = u,

v̄ = v+s
t−s′ ,

(7.5)

KÏ�
∣∣∣∂(ū,v̄)
∂(u,v)

∣∣∣ 6= 0, �ëêC� (7.5)´NN�ëêC�, = (ū, v̄)��
�¡�#ëê. d�, ¡��§��¤

r(ū, v̄) = a∗(ū) + v̄
da∗(ū)

dū
,

§L«�a∗(ū)���¡. ¤

½n 7.3 Ã²:�¡��Ð¡⇐⇒pdÇK ≡ 0.

y² (⇒) ��«¡S : r(u, v) = a(u) + vb(u)��Ð¡, K
(a′, b, b′) = 0. y35O�¡S �pdÇ. Äkdrvv = 0�N =
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rvv · n = 0; Ùg

M =
1√

EG − F 2
(ru, rv, ruv)

=
1√

EG − F 2
(a′(u), b(u), b′(u))

= 0,

Ïd
K =

LN − M2

EG − F 2
= 0.

(⇐) y3·�5y², e¡S �pdÇK ≡ 0, KS ��Ð¡.

dK ≡ 0�S þ�:Ñ´(�²:�)�Ô:, Ùþk���xìC�.

�ìC���ëê�¥u-�, KdìC���©�§Ldu2 + 2Mdudv +

Ndv2 = 0�L = 0. d�dK = 0�M = 0, N 6= 0(ÄK�²:).

L = 0 ⇐⇒ ru · nu = 0

M = 0 ⇐⇒ rv · nu = 0

n2 = 1 =⇒ n · nu = 0

 =⇒ nu = 0,

ù`²n�´v �¼ê, ��n = n(v), =÷z^u-�, ¡S �{�þ´~
�þ. XJ·�Uy²z^u-�Ñ´��, @o�±ä½S ��Ð¡.

��¡, dM = −ru · nv = 0� ∂
∂u(ru · nv) = 0, 5¿�nuv = 0(n�

´v �¼ê), ¤±nv · ruu = 0, 2(ÜL = n · ruu = 0�

ruu ‖ (n × nv).

,��¡, dM = −ru · nv = 09ru · n = 0�

ru ‖ (n × nv).

(Ü±þü�¡, ·��ru × ruu = 0, u´u-��Çκ = |ru×ruu|
|ru|3 =

0. �u-�´��. ¤±¡S ´�Ð¡. ¤

5 1 d7�5�y²��, �«¡�pdÇ�½��.

5 2 ½n7.3�7�5ÃIb�¡þØ¹²:, �é¿©5Ü©, e
S þ�:Ñ´²:, KS 7�²¡. �¿©5�¤á. �eS þ¹k�á²
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:, ½,��þ�:Ñ´²:, @o½n7.3�¿©5Ø�½¤á, =�3
ù��¡, §�pdÇK ≡ 0, �Ø´�Ð¡. ë�Klingenberg¤
Í5A course in Differential Geometry6P68.

2.7.3 ���ßßß:::¡¡¡

�Üdß:�¤�¡¡��ß:¡. duß:=¡þ÷v
L
E = M

F = N
G �:, Ïd, ¡´�ß:¡��=�¡�1�Ä�/ª�

1�Ä�/ª¤'~, =�3¡þ�¼êλ(u, v), ¦�II = λ I. e¡½n
�Ñ=k��ß:¡.

½n 7.4 ¡´�ß:¡��=�¡´²¡½¥¡(½§���
Ü©).

y² (⇐=) é²¡, Ï{�þn�~�þ, ¤±II = −dn · dr ≡ 0, �
d/, L = M = N = 0, u´²¡��ß:¡.

é�»�a, ¥%»¥�r0 �¥¡, Ùü {¥þn = ± 1
a(r − r0), u

´

II = −dn · dr = ±1
a
I.

�d/, L
E = M

F = N
G = ± 1

a , =¥¡��ß:¡.

(=⇒) �S : r = r(u, v)´�ß:¡, K�3¼êλ(u, v) , ¦�

L

E
=

M

F
=

N

G
= λ(u, v), (7.6)

·�Äky²λ(u, v)´~ê, ?�âT~ê´"½�"5«©¡´²¡
½¥¡.

L = λE ⇒ (nu + λru) · ru = 0

M = λF ⇒ (nu + λru) · rv = 0

n2 = 1 ⇒ (nu + λru) · n = 0

 ⇒ nu + λru = 0, (7.7)

M = λF ⇒ (nv + λrv) · ru = 0

N = λG ⇒ (nv + λrv) · rv = 0

n2 = 1 ⇒ (nv + λrv) · n = 0

 ⇒ nv + λrv = 0, (7.8)
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(7.7)ªü>év ¦ �, (7.8)ªü>éu¦ �, ¿ò(J�~��

λvru − λurv = 0,

duru, rv �5Ã', ¤±λu = 0, �λv = 0, =λ(u, v)´~�¼ê, P�λ0.

ù�, (7.7)Ú (7.8)ª�du ∂
∂u(n + λ0r) = ∂

∂v (n + λ0r) = 0, =

n + λ0r = r0 (~�þ).

(1) eλ0 = 0, Kn´~�þ, ¤±¡�²¡.

(2) eλ0 6= 0, K(
r − r0

λ0

)2

=
(
− n

λ0

)2

=
1
λ2

0

,

ùL²¡S ´± 1
λ0

r0 �¥%, 1
|λ0| ��»�¥¡. ¤

2.7.4 444���¡¡¡
²þÇð�0�¡¡�4�¡. dúªH = EN−2FM+GL

2(EG−F 2)
�, 

¡�4�¡�7�¿©^�´EN − 2FM + GL = 0. Ù�, ²¡!�Ú
¡Ñ´4�¡.

e¡·�é“4�”�c�
AÛþ�`².

�ëê¡S : r = r(u, v), (u, v) ∈ D, ��/, ·��D ´üëÏ�,

^∂D L«ëê«�D �>., éA¡�>.P�∂S. -h(u, v)´D þ�
ëY��¼ê(��C2 ), �h(u, v)|∂D = 0. ¡S �dhû½�{�C©´
e¡�Ñ�Nì

ϕ : D × (−ε, ε) −→ R3,

ϕ(u, v, t) = r(u, v) + th(u, v)n(u, v),

(u, v) ∈ D, t ∈ (−ε, ε).

éz���½� t ∈ (−ε, ε), dϕû½�ëê¡P�St, §�ëê�§�

rt(u, v) = r(u, v) + th(u, v)n(u, v), (7.9)

5¿�h(u, v)|∂D = 0, ¤±∂St = ∂S, �St|t=0 = S.
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y3·�5O�¡St �¡ÈA(t), ¿�	¡È¼êA(t)3 t = 0NC
�5�. �d, PEt, F t, Gt ´¡St �1�Ä�/ªXê. d (7.9)ªk

rt
u = ru + thnu + thun,

rt
v = rv + thnv + thvn,

Ï
Et = rt

u · rt
u = E − 2thL + t2(h2n2

u + h2
u),

F t = rt
u · rt

v = F − 2thM + t2(h2nu · nv + huhv),

Gt = rt
v · rt

v = G − 2thN + t2(h2n2
v + h2

v).

u´

EtGt − (F t)2 = (EG − F 2) − 2th(EN − 2FM + GL) + o(t)

= (EG − F 2)(1 − 4thH) + o(t),
(7.10)

Ïd

A(t) =
∫∫
D

√
EtGt − (F t)2 dudv

=
∫∫
D

√
(EG − F 2)(1 − 4thH) + o(t) dudv

(7.11)

½n 7.5 ¡S �4�¡��=�S �¡È���.�, =

dA(t)
dt

∣∣∣∣
t=0

= 0.

y² d (7.11)ªN´��

dA(t)
dt

∣∣∣∣
t=0

=
∫∫
D

d

dt

∣∣∣∣
t=0

(
√

(EG − F 2)(1 − 4thH) + o(t) dudv

= −
∫∫
D

2hH
√

EG − F 2 dudv,

(7.12)

y3XJ²þÇH ≡ 0, Kd (7.12)ª�, dA(t)
dt

∣∣∣
t=0

= 0, 7�5�y.
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��, e dA(t)
dt

∣∣∣
t=0

= 0, ·�^�y{y²H ≡ 0. ��¡3�:
P (u0, v0)?�²þÇØ�0, Ø��H(u0, v0) > 0, u´dëY5, �3
(u0, v0)������D∗ ⊂ D, ¦�H|D∗ > 0. �C2 ¼ê

h =

h(u, v) > 0, (u, v) ∈ D∗ �SÜ

h(u, v) = 0, Ù§

ù�, (7.12)ªmà�u0, � dA(t)
dt

∣∣∣
t=0

= 0gñ, aq/y²H(u, v) <

0, (u, v) ∈ D∗ �Ø�U. l��Ø¤á, =¡�4�¡. ¤

5 3 þã½n`²4�¡´¦¡È�1�C©�"�¡, d©Û
��, ¦A(t)3 t = 0?���.�, ¿�ý�4�, �u�´Äý���4
�, 7LO� d2A(t)

dt2

∣∣∣
t=0

. Ïd, 4��c�7�©Ü·. ØLù�â�®²
¦^
������Ï, §´dLagrangeu1760cÄk½Â�.

5 4 ù�½n�vky²4�¡��35, =�½
�^�mµ4
�, UÄé�±§�>.�¡, ¦Ù¡È����? ù�¯KdPlateau

31866cJÑ, ={¤þk¶�Plateau¯K, ����Vn�c�d
Rado(1930)ÚDouglaus (1931)ü<32Â)���SÕá)û, 31970c
�mdOssermanây²¤���¡´??�K�.

SK2–7

1. y²V�Ô¡r(u, v) = (a(u + v), b(u − v), 2uv)Úü�V¡r(u, v) =

(a cosh u cos v, b cosh u sin v, c sinhu)þ´Ø�Ð¡, Ù¥a!b!c´�~ê.

=y²> -A(u) = (au, bu, 0), B(u) = (a,−b, 2u), KV�Ô¡��§
�U�¤

r(u, v) = A(u) + vB(u),

u´���y��
(A′,B,B′) = −4ab 6= 0,

Ïd, V�Ô¡´Ø�Ð¡.

��O����ü�V¡�1�Ä�/ª�

II =
abc(−du2 + cosh2 udv2)√

b2c2 cosh2 u cos2 v + a2c2 cosh2 u sin2 v + a2b2 sinh2 u
,
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ddw,��, ü�V¡þÃ²:. 2ö,

LN − M2 =
−a2b2c2 cosh2 u

b2c2 cosh2 u cos2 v + a2c2 cosh2 u sin2 v + a2b2 sinh2 u
< 0,

=K 6= 0. �â½n6.3�, ü�V¡�Ø�Ð¡.

2. y²e�¡þ�4�¡:

(1) z = c arctan y
x , ùpx > 0,−∞ < y < ∞, c´�"~ê.

(2) Scherk¡r(u, v) =
(
u, v, 1

u ln cos av
cos au

)
, ùpa´�~ê, − π

2a < u, v < π
2a .

(3) Ennepe¡r(u, v) = (3u(1 + v2)− u3, 3v(1 + u2)− v3, 3(u2 − v2)), Ù¥
−∞ < u, v < ∞.

(4) ]ó¡r(u, v) =
(
a cosh( v

a + b) cos u, a cosh( v
a + b) sin u, v

)
, ùpa, bÑ´

�~ê, �a 6= 0,−∞ < u, v < ∞.

=y²> (1) -r(u, v) = (u, v, c arctan v
u ), ��O���

E = 1 +
c2v2

(u2 + v2)2
, F = − c2uv

(u2 + v2)2
, G = 1 +

c2u2

(u2 + v2)2
,

L =
2cuv

∆
, M =

c(v2 − u2)
∆

, N = −2cuv

∆
,

Ù¥∆ = (u2 + v2)
√

(u2 + v2)(u2 + v2 + c2). ù�N´�yEN − 2FM + GL = 0.

(2) ��O���

E = sec2 au, F = − tan au tan av, G = sec2 av,

L =
a sec2 au√

1 + tan2 au + tan2 av
, M = 0, N = − a sec2 au√

1 + tan2 au + tan2 av
,

ù�á=��yEN − 2FM + GL = 0.

(3) ��O�k

E = G = 9(1 + u2 + v2)2, F = 0,

L = 6, M = 0, N = −6.

duF = M = 0, lëê��¤�Ç��, ü�ÌÇ�Ú�

κ1 + κ2 =
L

E
+

N

G
= 0,

�H ≡ 0, =Ennepe¡´4�¡.

(4) ��O�k

E = a2 cosh2(
v

a
+ b), F = 0, G = cosh2(

v

a
+ b),
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L = −a, M = 0, N =
1
a
,

duF = M = 0, lëê���Ç��, ü�ÌÇ�Ú�

κ1 + κ2 =
L

E
+

N

G
= 0,

�H ≡ 0, =]ó¡´4�¡.

3. y²^=4�¡7�]ó¡.

=y²> �^=¡´dy = f(z)7 z ¶^=¤�, Ï§��§�

r(u, v) = {f(v) cos u, f(v) sin u, v},

²LO���Ù1�!1�aÄ�þ©O�

E = 1 + f ′2, F = 0, G = f2,

L = − f ′′√
1 + f ′2

, M = 0, N =
f√

1 + f ′2
,

�dH = 0�
1 + f ′2 = ff ′′,

½
df

f
=

d(f ′)2

2(1 + f ′2)
,

È©�
f = a

√
1 + f ′2,

Ù¥a > 0´È©~ê. lþª¥)Ñf ′ �

f ′ = ±

√(
f

a

)2

− 1,

½
dv = ± df√(

f
a

)2

− 1

,

2È©�
v

a
+ b = ±ch−1

(
f

a

)
½ f = a ch

(v

a
+ b

)
,

Ù¥ b�È©~ê. ù`²^=¡´dy = a ch( z
a + b)7 z ¶^=¤, =]ó¡.

4. Ø²¡	, �«4�¡7��Ú¡.
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=y²> Äk·�Ù�, 4�¡þüxìC�´���. 2ö, �«
¡��1�´ìC�. u´é4��«¡Σ, ��r = r(s)´Ùþ��1��
��,�xìC�¥��^, s�g,ëê, @o4��«¡Σ��§��¤

r(s, v) = r(s) + vb(s),

Ù¥b(s)´�1��ü �þ, ¿P�r = r(s)�Ä��þ©O�T ,N ,B, 
ÇÚLÇ©O�κ, τ , ¡Σü {�þEP�n.

dìC����5 ⇒ T · b = 0

dr(s)´ìC� ⇒ B = ±n

b · n = 0

 ⇒ b = ±N

u´Σ��§q��¤
r(s, v) = r(s) + vN(s),

|^Frenetúª���O���

rs = (1 − vκ)T + vτB, rv = N ,

rss = −v
dκ(s)

ds
T + (κ − vκ2 − vτ2)N + v

dτ(s)
ds

B, rvv = 0,

w,, 1�aÄ�þF = rs · rv = 0, G = r2
v = 1, 1�aÄ�þN = rvv · n = 0.

ù�d¡Σ�²þÇH = 0�L = 0, =

L = rss · n = (rs, rv, rss) = 0,

òÄ�þ�\þª, ��[
dτ(s)
ds

+ v

(
τ

dκ(s)
ds

− κ
dτ(s)
ds

)]
(T ,N ,B) = 0,

½
dτ(s)
ds

+ v

(
τ

dκ(s)
ds

− κ
dτ(s)
ds

)
= 0,

þªé?Ûv Ñ¤á, Ïdk dτ(s)
ds = 09 τ dκ(s)

ds = 0. u´ τ = 0½ dκ(s)
ds = 0.

� τ = 0�, r = r(s)´²¡�, �Σ�²¡.

� dκ(s)
ds = 0�, κ, τ þ�~ê, lr = r(s)´�ÎÚ�, d�Σ´�ÎÚ�

�Ì{�¡, �=�Ú¡.

5. y²: ¡�¥¡½²¡�¿©7�^�´H2 = K.

6. y²: e¡þ¤k�þ�Ç�, K§7,��ß:¡.

7. y²: ¡�4�¡�¿©7�^�´: ¡þ�3üx���ìC
�.
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