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2.5 ÌÌÌ­­­ÇÇÇ Gauss­­­ÇÇÇ ²²²þþþ­­­ÇÇÇ999ÙÙÙOOO���

�â�5�ênØ, l����SÈ�m�§g��g���5C�T
Ðkü�¢A��(ùü�¢A���U��), ¿��A/kü����¢
A��þ. dd��, ­¡3z�:�WeingartenC���­¡�²¡�g
����g���5C�7½kü�A��, ¿�Ø+@ü�A��´Ä�
�, �A/okü�*d���A���.

�P ∈ S, v1, v2 ´P :��²¡¥WeingartenC��ü��p��
�ü A��þ, ÙA��©O�κ1, κ2, =W(v1) = κ1v1,

W(v2) = κ2v2.

u´, ÷v1 Úv2 ���{­Ç©O�

κn(v1) =
W(v1) · v1

v1 · v1
=

κ1(v1 · v1)
v1 · v1

= κ1,

κn(v2) =
W(v2) · v2

v2 · v2
=

κ2(v2 · v2)
v2 · v2

= κ2.

ù�, Ò��
WeingartenC��A���AÛ¿Â: WeingartenC��A
���uÙ�AA����{­Ç.

·�rWeingartenC�3:P �ü�A��κ1, κ2 ¡�­¡3:P �
Ì­Ç, A��κ1, κ2 éA�ü�¢A���¡�­¡3:P �Ì��. d
�5�ênØ·���, �ùü�¢A��Ø���, éA�¢A���´
��(½�, ¿�§�*d��; XJùü�¢A����, KÌ��ØU�
�(½, ù�­¡3T:�?¿�����Ñ´Ì��.

e¡���EulerúªòL²{­Ç���
Cz�Cz5Æ, ½={
­ÇÚÌ­Ç�'X.

½n 5.1 (Eulerúª) �κ1, κ2 ´­¡3P :?�ü�Ì­Ç, e1, e2

´�A���Ì���ü �þ. é?�v ∈ TP S , ev �e1 �Y�P�θ,

K­¡3P :÷v ���{­Ç�

κn(v) = κ1 cos2 θ + κ2 sin2 θ. (5.1)
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y² UÌ���½Â, W(ei) = κiei, i = 1, 2. due1, e2 ´���
þ, ��v = |v|(cos θe1 + sin θe2), u´, ÷v ���{­Ç

κn(v) =
W(v) · v

v · v
= (W(cos θe1 + sin θe2)) · (cos θe1 + sin θe2)

= (cos θκ1e1 + sin θκ2e2) · (cos θe1 + sin θe2)

= κ1 cos2 θ + κ2 sin2 θ.

¤

�κ1 = κ2 �, dEulerúª, é?¿����v = λru + µrv Ñk
κn(v) = κ1 = κ2, ù�´Ì��Ø(½��/, ·�rù��:¡�­¡�
ß:. du3ß:, {­Ç

κn(v) =
λ2L + 2λµM + µ2N

λ2E + 2λµF + µ2G

����v Ã', =

(L − κnE)λ2 + 2(M − κnF )λµ + (N − κnG)µ2 = 0

´'uv �©þλ, µ�ð�ª, ¤±3T:k
L

E
=

M

F
=

N

G
. (5.2)

dd��, ß:´­¡þ1�aÄ�þÚ1�aÄ�þ¤'~�:. XJù
�'~´", KL = M = N = 0, ¡Tß:´²:, ÄK¡Tß:´�:. �
*/ù, ­¡3ß:?÷?Û����­§ÝÑ´���.

�κ1 6= κ2 �, =3�ß:?, e¡íØ`²Ì­Ç�AÛ¿Â.

íØ 5.2 ­¡3�ß:?�Ì­Ç´­¡3ù:÷¤k���{­
Ç¥����Ú���.

y² �κ1, κ2 ´?��ß:?�ü�Ì­Ç, Ø��κ1 < κ2. é?
¿v ∈ TP S, dEulerúª

κn(v) = κ1 cos2 θ + κ2 sin2 θ

= κ1 cos2 θ + κ2(1 − cos2 θ)

= κ2 + (κ1 − κ2) cos2 θ,
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¤±

κ2 − κn(v) = (κ2 − κ1) cos2 θ ≥ 0, = κ2 ≥ κn(v),

Ó���{, �±y²κn(v) ≥ κ1 , =

κ1 ≤ κn(v) ≤ κ2,

ùÒ´`, Ì­Ç´{­Ç����Ú���. ¤

±þ·�½Â
­¡�Ì­Ç, ¿�Ñ
ÙAÛ¿Â. �e�¯KB´
Ì­Ç�O�. duÌ­ÇÚ�A�Ì��½Â�WeingartenC��A��
ÚA���, Ïd, Ì­Ç�O�¯K8(�¦WeingartenC��A��Ú
A���. ·�Äk�¦WeingartenC�3�²¡Ä.e�XêÝ
.

�3�²¡�Ä.{ru, rv}eWeingartenC��XêÝ
´

(
a b

c d

)
,

=k

W(ru) = −nu = aru + brv, (5.3)

W(rv) = −nv = cru + drv, (5.4)

ò (5.3)ª©O�ru, rv �SÈ, ��L = aE + bF,

M = aF + bG.

¦)þã�5�§|, �

a =
LG − MF

EG − F 2
, b =

ME − LF

EG − F 2
.

aq/ò (5.4)ª©O�ru, rv �SÈ, �M = cE + dF,

N = cF + dG.

¦)�

c =
MG − NF

EG − F 2
, d =

NE − MF

EG − F 2
.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä]
 4

¤±WeingartenC�3Ä.{ru, rv}e�XêÝ
�(
a b

c d

)
=

1
EG − F 2

(
LG − MF ME − LF

MG − NF NE − MF

)
. (5.5)

u´,
κ´WeingartenC��A��

⇐⇒

∣∣∣∣∣κ − a −b

−c κ − d

∣∣∣∣∣ = 0

⇐⇒

∣∣∣∣∣κ − LG−MF
EG−F 2 −ME−LF

EG−F 2

−MG−NF
EG−F 2 κ − NE−MF

EG−F 2

∣∣∣∣∣ = 0

⇐⇒ κ2 − LG − 2MF + NE

EG − F 2
κ +

LN − M2

EG − F 2
= 0.

dd��, ¦)Ì­Ç�¯K�ª8(�¦)Xe'uκ����g�§:

κ2 − LG − 2MF + NE

EG − F 2
κ +

LN − M2

EG − F 2
= 0. (5.6)

�d/, �§ (5.6)k���U�¤e¡´uPÁ�/ª:∣∣∣∣∣ L − κE M − κF

M − κF N − κG

∣∣∣∣∣ = 0. (5.7)

5 1 �g�§ (5.6)��Oª�±U�¤

∆ = (EN − 2FM + GL)2 − 4(EG − F 2)(LN − M2)

=
[
(EN − GL) − 2F

E
(EM − FL)

]2

+
4(EG − F 2)

E2
(EM − FL)2

≥ 0.

(5.8)

�Ò¤á��=�L : M : N = E : F : G, =3ß:?.

y3·�5©ÛÌ��A÷v��§. b½v = ξru + µrv ´­¡3:
(u, v)���Ì��, = (ξ, µ) 6= 0, ¿�k¢êκ¦�W(v) = κv, Ðm=´

−(ξnu + µnv) = κ(ξru + µrv)
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òþª©O���þru, rv �SÈ, ��Lξ + Mµ = κ(Eξ + Fµ),

Mξ + Nµ = κ(Fξ + Gµ),
(5.9)

Ïd

κ =
Lξ + Mµ

Eξ + Fµ
=

Mξ + Nµ

Fξ + Gµ
,

þª`², Ì�� (ξ, µ)7L÷v�§∣∣∣∣∣Lξ + Mµ Eξ + Fµ

Mξ + Nµ Fξ + Gµ

∣∣∣∣∣ = 0. (5.10)

�d/�±�¤e¡BuPÁ�/ª:∣∣∣∣∣∣∣∣
µ2 −ξµ ξ2

E F G

L M N

∣∣∣∣∣∣∣∣ = 0. (5.11)

5 2 l�§ (5.9)¥��ξ, µB�±��Ì­ÇA÷v��§ (5.7).

y3·��âÌ­Ç5½Â­¡�ü�­��­Ç—Gauss­ÇÚ
²þ­Ç. P�§ (5.6)�ü��, =ü�Ì­Ç�κ1, κ2. ·�rH =
1
2(κ1 + κ2)¡�­¡�²þ­Ç, K = κ1κ2 ¡�­¡�Gauss­Ç. d��
Xê�'Xk

H =
1
2
(κ1 + κ2) =

LG − 2MF + NE

2(EG − F 2)
, (5.12)

K = κ1κ2 =
LN − M2

EG − F 2
. (5.13)

±e5)ºGauss­Ç�AÛ¿Â(�u²þ­Ç�AÛ¿ÂK33�
Ù1Ô!�Ñ). �­¡�ëêL«�r = r(u, v), §3z�:k��(½�
ü {�þ

n(u, v) =
ru(u, v) × rv(u, v)
|ru(u, v) × rv(u, v)|

.
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²1£Än(u, v)¦�å:á3�:O, Kn(u, v)�ª:Òá3R3 �ü ¥
¡S2 þ. ù�Ò����N�

g : S → S2

r(u, v) 7→ n(u, v),
(5.14)

¡�­¡�GaussN�. l (5.3), (5.4)ª��

nu × nv = (ad − bc)ru × rv = K ru × rv,

Ïd

|nu × nv| = |K| · |ru × rv|. (5.15)

¡È��dA = |ru × rv|dudv ´­¡S þdëêu → u + du, v → v + dv

¤ � ¤ � � ² 1 o > / � ¡ È, § 3GaussN � e � � � ¡ È ´dσ =

|nu × nv|dudv, Ïd (5.15)ª=�

dσ = |K|dA. (5.16)

XJD ´­¡þ�7:P �����, §3GaussN�e��g(D)�¡È
´

area(g(D)) =
∫

g(D)
dσ =

∫
D
|K|dA.

|^­È©¥�½n, ¿�4«�D Â u:P �4���

|K(P )| = lim
D→P

area(g(D))
area(D)

. (5.17)

dd��, ­¡3:P �Gauss­Ç�ýé� |K(P )|´: �7:P ��«�
D 3GaussN�e��g(D)�¡È�«�D �¡È�'�«�D Â �:
P ��4�.

SK2–5

1. ¦Ú¡r(u, v) = (u cos v, u sin v, bv)�Ì­Ç, Gauss­ÇÚ²þ­Ç.
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=)> ��O���Ú¡�1�Ú1�Ä�/ªXe

I = du2 + (u2 + b2)dv2,

II =
−2b√
u2 + b2

dudv,

��L : M : N 6= E : F : G, ddB��Ú¡þ¤k:Ñ�ß:, u´Ùþz:?
Ñkü�Ø���Ì­Ç. òÄ�þ�\Ì­Ç��§, ��

(u2 + b2)κ2 − b2

u2 + b2
= 0,

u´, Ú¡�Ì­Çκ1, κ2, Gauss­ÇK Ú²þ­ÇH ©O�

κ1 =
b

u2 + b2
, κ2 =

−b

u2 + b2
,

K = κ1 · κ2 =
−b2

(u2 + b2)2
,

H = (κ1 + κ2)/2 = 0.

2. �C : r = r(s)´�^�m�K­�, Ù���¤�­¡�S : r(s, t) =

r(s) + tT , Ù¥T ´C �ü ��þ. ¦S �Gauss­Ç.

=)> P­�C �­ÇÚLÇ©O�κ, τ , Ä��þ�T ,N ,B, K

rt = T , rs = T + tκN ,

u´
E = r2

t = 1, F = rt · rs = 1, G = r2
s = 1 + t2κ2,

?�ÚO���
rtt = 0, rts = kN ,

rss = −tκ2T + (κ + tκ′)N + tκτB, n =
rt × rs

|rt × rs|
= B,

¤±
L = rtt · n = 0, M = rts · n = 0, N = rss · n = tκτ,

Ïd­¡S �Gauss­Ç�

K =
LN − M2

EG − F 2
= 0.

3. ®�^=­¡S : r(t, θ) = (g(t) cos θ, g(t) sin θ, f(t)),

(1) ¦S �Gauss­Ç.
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(2) eS �Gauss­Ç??�", Á�ä­¡S �/G?

(3) y²: eS �²�kR�u^=¶���, K�:´­¡S þ��Ô:.

=)> Äk¦�­¡S �1�Ú1�Ä�/ªXe

I = (g′2 + f ′2)dt2 + g2dθ2,

II =
g′f ′′ − g′′f ′√

g′2 + f ′2
dt2 +

gf ′√
g′2 + f ′2

dθ2,

(1) S �Gauss­Ç

K =
f ′(g′f ′′ − g′′f ′)
g(g′2 + f ′2)2

.

(2) d (1)�, Gauss­Ç??�"�¿�^�´

f ′(g′f ′′ − g′′f ′) ≡ 0,

(i) ef ′ ≡ 0, Kf(t) = C (~ê), Ï
­¡´R�u z-¶�²¡.

(ii) eg′f ′′ − g′′f ′ ≡ 0, = g′′

g′ ≡ f ′′

f ′ , @o

g′ = Cf ′, g = Cf + C1,

�~êC 6= 0�, ­¡��I¡; �~êC = 0�, ­¡��Î¡.

(3) e²����R�u^=¶(= z-¶), Kf ′ = 0, l
K = 0, ¤±�:�
�Ô:.

4. y²: 3­¡þ�½:?, ÷ü�������{­Ç�Ú�~ê.

=y²> �­¡þ�½:?�ü�Ì­Ç©O�κ1 Úκ2, dr Ú δr ��½
:??¿ü��p¤������, éA�{­Ç©O�κn Úκ∗

n, KdEulerúª
k

κn = κ1 cos2 θ + κ2 sin2 θ,

κ∗
n = κ1 cos2

(π

2
± θ

)
+ κ2 sin2

(π

2
± θ

)
= κ1 sin2 θ + κ2 cos2 θ.

Ù¥ θ ���dr Úu-­��m�Y�, w,k

κn + κ∗
n = κ1 + κ2 = C (�½:?�~ê).
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