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2.3 ­­­¡¡¡���111���ÄÄÄ���///ªªª

c¡·�Ú?
­¡�1�Ä�/ªI, ïÄ
­¡��
S%5�,

=��6u­¡��, 
Ø�6u­¡3�m¥XÛ�­�AÛ5�. 3n
ØÚ¢SA^¥, 7L�Ä­¡3�m¥��­§Ý, �d, ·�òÚ?­¡
�,���g�©ª.

é�KCk(k ≥ 3)­¡S : r = r(u, v), ü {�þn = ru×rv
|rv×rv | ��ë

êu, v �¼ê, Ù�©L«�dn = nudu+nvdv. du0 = d(n ·n) = 2n ·dn,

¤±dn´�²¡¥��þ. -II = −dr · dn, ¡II �­¡S �1�Ä�/
ª. ^ëêL«Bk

II = −dr · dn

= −(rudu + rvdv) · (nudu + nvdv)

= Ldu2 + 2Mdudv + Ndv2

= (du dv)

(
L M

M N

)(
du

dv

)
.

(3.1)

Ù¥L = −ru · nu, M = −(ru · nv + rv · nu)/2, N = −rv · nv, §���
ëêu, v �¼ê, ¡�­¡S �1�Ä�/ªXê.

duru · n = 0, rv · n = 0, üª©O'uu, v ¦ �ê, ·�k

ruu · n + ru · nu = 0, ruv · n + ru · nv = 0,

rvu · n + rv · nu = 0, rvv · n + rv · nv = 0,

�â±þoª, 1�Ä�/ªXê�kXe�d�L«:

L = −ru · nu = ruu · n =
(ruu, ru, rv)√

EG − F 2
,

M = −ru · nv = −rv · nu = ruv · n =
(ruv, ru, rv)√

EG − F 2
,

N = −rv · nv = rvv · n =
(rvv, ru, rv)√

EG − F 2
.

(3.2)

,	, Ï�n · dr = 0, �©B�d2r · n = −dr · dn, u´·���­¡�1
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�Ä�/ª�±en«�d�L«

II = Ldu2 + 2Mdudv + Ndv2

= n · d2r

= −dr · dn.

(3.3)

y35`²1�Ä�/ª�AÛ¿Â.

é­¡S : r = r(u, v)þ��½:P (u, v)9Ù�C:Q(u+du, v+dv),

¿À½P :?�ü {�þn. -d =
−−→
PQ · n, = £�þ

−−→
PQ3nþ�Ý

K. |d|=lQ:�P :�²¡�R�ål, 
d��KÒ�6uQ:´ u
P :�²¡��ý½Ký, �é{`, d��KÒ�N­¡S 3P :?��­
��. |^�þ/ª�TayloyÐmª9¯¢n · ru = 0,n · rv = 0, k

d =
−−→
PQ · n = (r(u + du, v + dv) − r(u, v)) · n

=
[
dr +

1
2
d2r + o(du2 + dv2)

]
· n

= dr · n +
1
2
d2r · n + o(du2 + dv2)

=
1
2
II + o(du2 + dv2).

dd��, II �Lå:3P � £�þ
−−→
PQ3{�þnþÝK�Ì�Ü©�

��, §£ã
Q:3{��þ�éuP �UC, =£ã
­¡3P :NC
�­�G¹.

=~ 1> �	²¡r(u, v) = (u, v, 0)�Î¡r(u, v) = (cos u, sinu, v),

N´�y§�äk�Ó�1�Ä�/ªdu2 + dv2, �²¡�1�Ä�/ª
II ≡ 0, 
�Î¡�1�Ä�/ªII = −du2, ùL²§�3�m¥�/G�
�ØÓ(¯¢�´Xd).

�1�Ä�/ªI ØÓ, ­¡�1�Ä�/ªII �� (du, dv)��g.,

�LN − M2 > 0�´�½½K½�; �LN − M2 < 0�´Ø½�; 
�
LN − M2 = 0�´òz�.

1�Ä�/ª�ëê
Cz�5ÆQã¤Xe½n.
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½n 3.1 3NN�����KÒ�¿Âe, 1�Ä�/ªII �­¡S

þ�Këê (u, v)�À�Ã'.

y² �r = r(u, v)Ú r̄ = r̄(ū, v̄)´­¡S �ü�ØÓëêL«, �A
�ü {�þ©O�nÚ n̄. |^���©ª�/ªØC5kdr̄ = dr. ,
	, �â (1.8)ªqk, dn̄ = ±dn (�KÒ�6uëêC� (u, v) → (ū, v̄)´
Ó�½��ëêC�). Ïd

dr̄ · dn̄ = ±dr · dn, ½ ĪI = sgn(J)II.

=3Ó�ëêC�e, 1�Ä�/ªØC, 
3��ëêC�e, 1�Ä�/
ªUCÎÒ. ¤

5� 3.2 1�aÄ�þ3ëêC�e�'X�(
L̄ M̄

M̄ N̄

)
= sgn(J) · J ·

(
L M

M N

)
· J t. (3.4)

dd��, 1�aÄ�þ3�±½��NNëêC�e�Cz5Æ�1�a
Ä�þ�Cz5Æ´���(ë� (2.9)ª).

y² �â½n3.1, 3ëêC�u = u(ū, v̄), v = v(ū, v̄)e1�Ä�/
ª÷v

ĪI = sgn(J)II, (3.5)


�

(du dv) = (dū dv̄) · J.

du

sgn(J)II = sgn(J)(du dv)

(
L M

M N

)(
du

dv

)

= sgn(J)(dū dv̄)J

(
L M

M N

)
J t

(
dū

dv̄

)
,

ĪI = (dū dv̄)

(
L̄ M̄

M̄ N̄

)(
dū

dv̄

)
.

ò±þüª�\ (3.5)ª¿'�á=�� (3.4)ª. ¤
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½n 3.3 ­¡�1�Ä�/ª3R3 �f5$ÄeØC; 
3R3 ��
f5$ÄeUCÎÒ.

y² �f(P ) = P · T + P0 ´R3 �?�f5½�f5C�, ­¡
S : r = r(u, v)3f e���S∗ : r∗(u, v) = f ◦ r(u, v). K

r∗
u × r∗

v =

 (ru × rv) · T , � det T = 1,

−(ru × rv) · T , � det T = −1,

Ïd·�kn∗ = sgn(det T )n · T . qÏ�dr∗ = dr · T , ¤±

II∗ = −dr∗ · dn∗ = −sgn(detT ) (dn · T ) · (dr · T ) = sgn(det T )II.

5¿�det T = 1½−1©OL«f ´f5$Ä½�f5$Ä. ¤

e¡½nL², 1�Ä�/ª3�:���ù:�C­¡/G�'X.

½n 3.4 ­¡þ, ¦1�Ä�/ª�½½K½�:�C, ­¡�/G
´à�(½]�, d{�À�û½); 31�Ä�/ªØ½�:�C, ­¡´ê
Q.�.

y² �P0(u0, v0)´­¡S : r = r(u, v)þ�?��½:, ·��	
�P0 :�²¡�pÝ¼ê

f(u, v) = (r(u, v) − r(u0, v0)) · n(u0, v0),

du

fu = ru · n(u0, v0), fv = rv · n(u0, v0),

¤±fu(u0, v0) = fv(u0, v0) = 0, = (u0, v0)´f ��.:. 3ù�:, pÝ¼
êf ����ê�
(HessianÝ
)�[

fuu fuv

fvu fvv

]
(u0, v0) =

[
L M

M N

]
(u0, v0).

Ïd, �1�Ä�/ªII 3: (u0, v0)�½½K½�, f(u0, v0) = 0´��
�½���, ù`²­¡S �/G´à½]�. 
�1�Ä�/ªII 3:
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(u0, v0)Q��½��K½�, f(u0, v0) = 0QØ´����Ø´���, Ï

­¡S 3ù:NC´êQ.. ¤

�âþã½n, ·�é­¡þ�:?1Xe©a:

(1) ý�:—¦LN − M2 > 0�:. 3ý�:?, 1�Ä�/ª÷?
Û��ÑØCÒ, 
�­¡3ý�:�Co u�²¡��ý.

(2) V­:—¦LN − M2 < 0�:. 3V­:��²¡þ, kÏLT
:�ü^��ò�²¡©¤oÜ©, 1�Ä�/ª3ùoÜ©½��, ½�
K, 
÷ùü^��, 1�Ä�/ª�". ­¡3V­:�C u�²¡�
üý.

(3) �Ô:—¦LN − M2 = 0, �L2 + M2 + N2 6= 0�:. 3�Ô:
��²¡þ, kÏLT:����^��, ÷ù^��, 1�Ä�/ª�";


÷Ù§?Û��1�Ä�/ªÑØCÒ.

(4) ²:—¦L = M = N = 0�:.

SK2–3

1. ¦²¡Ú¥¡�1�Ä�/ª.

=)> é²¡, Ï{�þn�~�þ, ¤± II = −dn · dr ≡ 0.

é¥%»¥�r0, �»�a�¥¡, ÏÙü {¥þn = 1
a (r − r0)½n =

1
a (r0 − r), u´ II = −dn · dr = ± 1

aI.

2. ¦^=­¡r(u, v) = (f(v) cos u, f(v) sin u, g(v))�1�Ä�/ª.

=)> ��O���±e�þ

ruu = (−f cos u,−f sinu, 0),

ruv = (−f ′ sinu,−f ′ cos u, 0),

rvv = (f ′′ cos u, f ′′ sinu, g′′),

n =
1√

f ′2 + g′2
(g′ cos u, g′ sinu,−f ′),

Ïd

L = ruu · n =
−fg′√
f ′2 + g′2

, M = ruv · n = 0, N = rvv · n =
f ′′g′ − f ′g′′√

f ′2 + g′2
.

3. ¦­¡ z = f(x, y)�1�Ä�/ª.
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=)> -r(x, y) = (x, y, f(x, y))¿��O���±e�þ

rx = (1, 0, fx), ry = (0, 1, fy),

n =
rx × ry

|rx × ry|
=

1√
1 + f2

x + f2
y

(−fx,−fy, 1),

rxx = (0, 0, fxx), rxy = (0, 0, fxy), ryy = (0, 0, fyy).

Ïd
L = n · rxx =

fxx√
1 + f2

x + f2
y

,

M = n · rxy =
fxy√

1 + f2
x + f2

y

,

N = n · ryy =
fyy√

1 + f2
x + f2

y

.

l
, ­¡ z = f(x, y)�1�Ä�/ª´

II =
1√

1 + f2
x + f2

y

[fxxdx2 + 2fxydxdy + fyydy2].

4. ¦�¡r(θ, φ) = ((b + a sinφ) cos θ, (b + a sinφ) sin θ, a cos φ)þ�ý�:!
V­:Ú�Ô:, Ù¥a < b´�~ê, ëê0 ≤ θ, φ ≤ 2π.

=)> ��O��

L = rθθ · n = (b + a sinφ) sin φ,

M = rθφ · n = 0,

N = rφφ · n = a,


�
LN − M2 = a(b + a sinφ) sin φ,

5¿�1�Ä�/ªXê��6uëêφ, =÷ëê­�φ = φ0, 1�Ä�/ªX
ê�~ê. qÏ�0 < a < b, a(b + a sinφ) > 0, ¤±LN − M2 � sinφÓÒ. ��
·����¡þ:�Xe©a:

(1) ëêφ÷v0 < φ < π �:´ý�:(éA�¡�	ý:);

(2) ëêφ÷vπ < φ < 2π �:´V­:(éA�¡�Sý:);

(3) ëêφ = 09φ = π �:´�Ô:(éA�¡�S	ý�.:).
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