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2.2 ¡¡¡���111���ÄÄÄ���///ªªª

�!òÚ?¡�1�Ä�/ª, §´¡ëê��g�©ª, q´�
NNëêÀJÃ'�AÛþ. ��A^, ò£�d1�Ä�/ªXÛû½Ã
X¡þ��l�!Y�9¡��¡È�AÛþ�¯K. ���ò?Ø
¡þ(ÛÜ)��ëê����35¯K.

�k�Këê¡S : r = r(u, v), þ�!·�®²��¡S 3z�
:P ��²¡TP S �w¤´d�I���þru(u, v), rv(u, v)Ü¤��
��þ�m, §´R3 �f�m. Ïd, �¡þ���þ��R3 ¥��þ�
�±¦§���ÝÚY�. �ó�, ¡S 3?¿�:�?¿ü��þ�S
ÈÒ´§���R3 ¥�þ�SÈ. ~X, duS �?Û����þv Ñ�±
3g,Ä.{ru, rv}eL«¤Xe/ª

v = λru + µrv.

Ïdv ��Ý�²��

|v|2 = v · v = λ2ru · ru + 2λµru · rv + µ2rv · rv. (2.1)

AO/, ��þru ��Ý�
√

ru · ru, ��þrv ��Ý�
√

ru · rv. ?, ru

�rv �Y�{u� ru·rv√
r2

ur2
v

.

dug,Ä.{ru, rv}��Ø´ü ��Ä., Ïd, ·�-

E(u, v) = ru(u, v) · ru(u, v),

F (u, v) = ru(u, v) · rv(u, v) = rv(u, v) · ru(u, v),

G(u, v) = rv(u, v) · rv(u, v),

(2.2)

§�´Ä.{ru, rv}�ÝþXê, ¡�¡�1�aÄ�þ. u´, (2.1)ª¿

�X��þ��Ý²�´±Ý


(
E F

F G

)
�Xê��g..

y3·�ò¡ëêL«��þ¼êr(u, v)����©

dr(u, v) = ru(u, v)du + rv(u, v)dv (2.3)
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w¤´¡S þ?¿:r(u, v)?���þ, Ù¥ (du, dv)´��þdr(u, v)

3g,Ä.{ru, rv}e�©þ. @o, Ù�Ý²��

dr(u, v) · dr(u, v) = E(u, v)du2 + 2F (u, v)dudv + G(u, v)dv2,

§´©þ (du, dv)��g., ��±w¤���g�©ª. ��´, ù��
g�©ª´f5ØCþ, Ó�, �â�g�©�/ªØC5, �©ª (2.3)�
�Këê�À�Ã', Ïd, ù��g�©ª�� (2.3)ª�Ùg��SÈ,

�,��Këê�À�Ã'. ��, §´¡�AÛþ, ·�¡��¡�1
�Ä�/ª, P�I, =k

I = Edu2 + 2Fdudv + Gdv2

= (du dv)

(
E F

F G

)(
du

dv

)
.

(2.4)

é�K¡, w�1�aÄ�þE > 0, G > 0, �

EG − F 2 = r2
ur2

v − (ru · rv)2 = (ru × rv)2 > 0, (2.5)

¤±1�Ä�/ªI ´ (du, dv)��½�g/ª.

½n 2.1 ¡�1�Ä�/ª´NNëêC��ØCþ.

y² ¯¢þ, ·�®²�â�g�©�/ªØC5�Ñ
y². ØL,

e¡ÏL��O��Ñ�y²E,kXg��{þ�¿Â, �Û¹y²L§
¥�ò���
é8�?Øk^�'Xª.

�u = u(ũ, ṽ), v = v(ũ, ṽ)´¡S : r = r(u, v)�?�NNëêC�,

�â¦��óª{K, ·�k

rũ(ũ, ṽ) = ru(u, v)
∂u

∂ũ
+ rv(u, v)

∂v

∂ũ
,

rṽ(ũ, ṽ) = ru(u, v)
∂u

∂ṽ
+ rv(u, v)

∂v

∂ṽ
,

(2.6)

¿�
du =

∂u

∂ũ
dũ +

∂u

∂ṽ
dṽ,

dv =
∂v

∂ũ
dũ +

∂v

∂ṽ
dṽ.

(2.7)
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·�^J = ∂(u,v)
∂(ũ,ṽ) =

(
∂u
∂ũ

∂v
∂ũ

∂u
∂ṽ

∂v
∂ṽ

)
L«ëêC��JacobiÝ
, K (2.6)Ú (2.7)

ª�±�¤XeÝ
�/ª(
rũ

rṽ

)
= J ·

(
ru

rv

)
, (du dv) = (dũ dṽ) · J. (2.8)

�â1�aÄ�þ�½Âª (2.2)��(
Ẽ F̃

F̃ G̃

)
=

(
rũ

rṽ

)
· (rũ rṽ) = J ·

(
E F

F G

)
· J t. (2.9)

u´·�k

Ĩ = (dũ dṽ) ·

(
Ẽ F̃

F̃ G̃

)
·

(
dũ

dṽ

)

= (dũ dṽ) · J

(
E F

F G

)
· J t ·

(
dũ

dṽ

)

= (du dv) ·

(
E F

F G

)
·

(
du

dv

)
= I.

¤

5 1 d (2.9)ª��, �¡À�NNëê (ũ, ṽ)�, ¤���1�Ä
�/ªXê Ẽ, F̃ , G̃��ò�ëê (u, v)e�1�Ä�/ªXêE,F,GØÓ,

w�XêÝ
���ÜÓC�, �

ẼG̃ − F̃ 2 =
(
det(J)

)2(EG − F 2). (2.10)

½n 2.2 ¡�1�Ä�/ª´R3 �ÜÓC�e�ØCþ.

y² �f : f(P ) = P · T + P0 ´R3 �?�ÜÓC�, ¡S : r =

r(u, v)3f e���S∗ : r∗(u, v) = f ◦ r(u, v). K

r∗
u = ru · T , r∗

v = rv · T ,

�E∗, F ∗, G∗ ´¡S∗ �1�Ä�/ªXê, duT ´��Ý
, ¤±

E∗ = r∗
u · r∗

u = (ru · T ) · (ru · T ) = ru · ru = E,
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ÓnF ∗ = F, G∗ = G, ù�S �S∗ �1�Ä�/ª�Ó. ¤

e¡?Ø1�Ä�/ª�n�ÐÚA^.

1. ¦¡þ��l� �C : r(t) = r(u(t), v(t)), t ∈ [a, b]´¡þ
�^�, dur′(t) = ru

du
dt + rv

dv
dt , Uì�Ø¥l��O�úª, Kk

s =
∫ b

a

√
E

(
du

dt

)2

+ 2F

(
du

dt

dv

dt

)
+ G

(
dv

dt

)2

dt. (2.11)

A O /, d uxy ² ¡ ä k 1 � Ä � / ªI = dx2 + dy2, Ù þ  �x =

x(t), y = y(t)�l�

s =
∫ t2

t1

√(
dx

dt

)2

+
(

dy

dt

)2

dt =
∫ t2

t1

√
x′2 + y′2 dt.

ù��È©¥²¡��l�úª��.

2. ¦¡þü^��m�Y� ¡þü^��m�Y�=ü
�3�:?��þ�m�Y�. �C �C∗ ´¡S : r = r(u, v)þü^�u
P0(u0, v0):��, ¿�Ùëê�§©O�

C : u = u(t), v = v(t) Ú C∗ : u = u∗(t∗), v = v∗(t∗),

§�3P0(u0, v0):?���þ©O�(
ru

du

dt
+ rv

dv

dt

)∣∣∣∣
P0

9
(

ru
du∗

dt∗
+ rv

dv∗

dt∗

)∣∣∣∣
P0

,

Ïd, C �C∗ 3Ù�:P0(u0, v0)?Y�θ �{u�

cos θ =

(
ru

du
dt + rv

dv
dt

)
·
(
ru

du∗

dt∗ + rv
dv∗

dt∗

)∣∣ru
du
dt + rv

dv
dt

∣∣ ∣∣ru
du∗

dt∗ + rv
dv∗

dt∗

∣∣
∣∣∣∣∣
P0

,

©f!©1Ó¦±dtdt∗ �

cos θ =
Edudu∗ + F (dudv∗ + dvdu∗) + Gdvdv∗√

Edu2 + 2Fdudv + Gdv2
√

E(du∗)2 + 2Fdu∗dv∗ + G(dv∗)2

∣∣∣∣∣
P0

.

(2.12)
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Ïd, XJ·���¡�1�aÄ�þ(ÃI��¡��§Ú/G),

BUUþª¦Ñü����du : dv 9du∗ : dv∗ �m�Y�.

íØ 2.3 �²¡þü���dr = rudu+rvdv 9δr = ruδu+rvδv R
��7�¿©^�´Eduδu + F (duδv + dvδu) + Gdvδv = 0.

íØ 2.4 ¡S : r = r(u, v)þu -�Úv -��Y�θ �{u�

cos θ =
F√
EG

, (2.13)

?ëê�(�)���7�¿©^�´F ≡ 0.

3. ¦¡(�)�¡È y3·�5í�¡S : r = r(u, v), (u, v) ∈
D(²¡«�)þ�½«�D �¡È(±e�´�Ñí���*g�, �[�y
²ë�C. GoffmanÍ5õ��È©6).

� ^u -�Úv -�y©¡�D ¤

��

Ø��
>o>/.

� y©\[,

��o>/�¡È��Cu�>²1o>/�¡È

Ø��o>/¡È�5��, 3D¥¤Ó'��

� ?������>o>/PP1P2P3, �o�º:P, P1, P2, P3é
A�»¥©O�

r(u, v), r(u + ∆u, v), r(u, v + ∆v), r(u + ∆u, v + ∆v),

dTaylorúª, �

−−→
PP1 = r(u + ∆u, v) − r(u, v) = [ru(u, v) + ε1]∆u,

−−→
PP2 = r(u, v + ∆v) − r(u, v) = [rv(u, v) + ε2]∆v,

Ù¥ lim
∆u→0

ε1 = lim
∆v→0

ε2 = 0. �ÙÌ�Ü©, Ñ�∆u, ∆v �p��B�

−−→
PP1 ≈ ru(u, v)∆u,

−−→
PP2 ≈ rv(u, v)∆v,
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ù�·�k

S>o>/ PP1P2P3
≈ S²1o>/ PP1P2P3

= |
−−→
PP1 ×

−−→
PP2|

= |ru × rv|∆u∆v

=
√

EG − F 2∆u∆v.

?·��±r∆σ =
√

EG − F 2∆u∆v ½dσ =
√

EG − F 2dudv ��¡
S þ�¡È��.

� ¦Ú!�4���¡�¡È�úª

σ = lim
∆u→0
∆v→0

∑ √
EG − F 2∆u∆v =

∫∫
D

√
EG − F 2dudv. (2.14)

5 2 duE,F,G´f5ØCþ, ¤±σ ´f5ØCþ. �, d (2.10)

ª9�È©�ëêC�úª�σ ´ëêC��ØCþ.

5 3 éu��²¡«�R, duσ ØÉ�IXÀJ�K�, ·��±
ÀJ���IX, ¦@�²¡«�3xy ²¡þ; duσ ØÉëêÀJ�K�,

�ÀJu = x, v = y, ù�, ²¡�1�Ä�/ª�I = dx2 + dy2, u´¡È
úªz�

σ =
∫∫
R

dxdy. (2.15)

ùÚ.^�²¡«��¡Èúª��.

du¡�AÛ5�´�¡�ëêL«Ã'�, ÏdXJ�U�{
oF"À��
AÏ�ëê±{zO�L§. e¡½nò�²¡þo�
3(ÛÜ)��ëê��.

½n 2.5 �3¡S : r = r(u, v)þ�Ñü��5Õá�ëY���
�þ|a(u, v)Úb(u, v), K�À��x#�ëê (ũ, ṽ), ¦3#�ëêe, �
I����þrũ �rṽ ©O²1ua, b.
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y² �	a, b�L«ª

a = a1ru + a2rv,

b = b1ru + b2rv,
(2.16)

Úü��g�©ª
b2du − b1dv, −a2du + a1dv,

@o, l~�©�§|nØ��, ©O�3�"È©ÏfλÚµ, ¦ùü��
g�©ªC¤��©, =k

λ( b2du − b1dv) = dũ,

µ(−a2du + a1dv) = dṽ,
(2.17)

Ù¥ ũ = ũ(u, v), ṽ = ṽ(u, v)´ü�ëY��¼ê.

dua, b´�5Õá�, @ol (2.17)ª��∣∣∣∣∂(ũ, ṽ)
∂(u, v)

∣∣∣∣ = λµ

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣ 6= 0,

¤± ũ, ṽ �±��¡S �#ëê. Ùg, l (2.17)ª�)Ñdu, dv �

du =
µa1dũ + λb1dṽ

λµ

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣
, dv =

λb2dṽ + µa2dũ

λµ

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣
,

=k
∂(u, v)
∂(ũ, ṽ)

=
1

λµ

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣
(

µa1 µa2

λb1 λb2

)
.

¤±
rũ = ru

∂u

∂ũ
+ rv

∂v

∂ũ
=

1

λ

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣
(a1ru + a2rv) ‖ a,

rṽ = ru
∂u

∂ṽ
+ rv

∂v

∂ṽ
=

1

µ

∣∣∣∣∣a1 a2

b1 b2

∣∣∣∣∣
(b1ru + b2rv) ‖ b.
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¤

íØ 2.6 ¡þo�3��ëê��.

y² ¢Sþ, é?Ûëê (u, v), �½

a = ru, b = −F

E
ru + rv,

Bá=�Ñ, a, b�¤S þ����þ|. �âþã(J, 3¡S þ�3ë
ê (ũ, ṽ), ¦rũ ‖ a, rṽ ‖ b, ¤± (ũ, ṽ)�¤¡���ëê��. ¤

SK2–2

1. ¦e�¡�1�Ä�/ªµ

(1) Î¡r(u, v) = ρ(u) + vb;

(2) ý�¡r(u, v) = (a cos u cos v, b cos u sin v, c sinu);

(3) ü�V¡r(u, v) = (a cosh u cos v, b cosh u sin v, c sinhu);

(4) V�V¡r(u, v) = (a cosh u, b sinhu cos v, c sinhu sin v);

(5) ý��Ô¡r(u, v) =
(
u, v, 1

2

(
u2

a2 + v2

b2

))
;

(6) V�Ô¡r(u, v) = (a(u + v), b(u − v), 2uv).

2. ���¡�1�Ä�/ª� I = du2 + (u2 + a2)dv2.

(1) ¦§þ¡ü^�u + v = 0, u − v = 0���;

(2) ¦§þ¡dn^�u = ±av, v = 1¤�¤�n�/«��¡È.

=)> (1) 'u�u + v = 0, -u = u1, v = v1, Kdu1 = −dv1; 'u�
u − v = 0, -u = u2, v = v2, Kdu2 = dv2. �d����� θ, K

cos θ =
Edu1du2 + F (du1dv2 + du2dv1) + Gdv1dv2√

Edu2
1 + Fdu1dv1 + Gdv2

1

√
Edu2

2 + Fdu2dv2 + Gdv2
2

.

ò1�aÄ�þE = 1, F = 0, G = u2 + a2 �\þª¿3�: (u, v) = (0, 0)?�
��

cos θ =
u2 + a2 − 1
u2 + a2 + 1

∣∣∣∣
u=0
v=0

=
a2 − 1
a2 + 1

.

(2) N´��n^�u = ±av, v = 1��ue�n:µA(u = 0, v =
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0), B(u = a, v = 1), C(u = −a, v = 1). K>n�/ABC �¡È´

S =
∫∫

D

√
EG − F 2 dudv

=
∫∫

D

√
u2 + a2 dudv

=

[
2
3
−

√
2

3
+ ln(

√
2 − 1)

]
a2.

3. ¦�¡r(θ, φ) = ((b + a sinφ) cos θ, (b + a sinφ) sin θ, a cos φ)�¡È, Ù¥
a, b (b > a)´�~ê, ëê0 < θ < 2π, 0 < φ < 2π.

=)> Äk¦��¡�1�Ä�/ª� I = (b + a sinφ)2dθ2 + a2dφ2. u´
�¡�¡È�

S =
∫∫

0≤θ≤2π
0≤φ≤2π

√
EG − F 2 dθdφ

=
∫ 2π

0

∫ 2π

0

a(b + a sinφ)dφdθ

= 4π2ab.

4. ¦�Ô¡ z = axy ��1����;�.

=)> ��Ô¡ z = axy ��KëêL«r(u, v) = (u, v, auv), Ùu-���
§�r(u) = (u, v0, auv0). w,, ru = (1, 0, av0)´~�þ, =u-�´��. Ó��±
y²u-��´��.

d)ÛAÛ�nØ�, �Ô¡ z = axy �küx�1�, @o�1�=§��
I�. l¦�1����;�=¦�I����;�.

duu-����� δu : δv = 1 : 0, �â���^�, u-����;���©
�§�Edu + Fdv = 0. ò�Ô¡ z = axy �1�Ä�/ªXêE = 1 + a2v2, F =

a2uv,G = 1 + a2u2 �\þã�©�§, �

− 2
u

du =
2a2v

1 + a2v2
dv,

ü>È©�

− lnu2 = ln(1 + a2v2) + lnC1 ½ u2(1 + a2v2) = C1,

ùÒ´u-����;���§. Ó��¦�v-����;���§�

v2(1 + a2u2) = C2,

Ù¥C1, C2 Ñ´�È©~ê.
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