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l�Ùm©·�ïÄR3 ¥��K­¡�ÛÜAÛ5�. aqu­�Ø,

é­¡�ïÄEòlëêL«m©.

³AÛ�*kü�¯KI�Äk?1?Ø: Ù�´­¡þ�Ýþk'�
�
AÛþ�O�¯K, X�Ý!Y�9¡È�; Ù�´­¡3R3 ¥XÛ�
��¯K, �ó�, =­¡3R3 ¥��­¯K. du·�?Ø�­¡´��
3R3 ¥, ·��±ÏL	��mR3 �î¼SÈ3�K­¡þÚ?p�Ýþ
/ª, =­¡�1�Ä�/ª, §´­¡ëê��g�©ª, 
��NNëê
ÀJÃ'. |^§�±��û½­¡þ�Ýþ5�k'�AÛþ�O�.

­¡��­¯K�'­���/E,�õ, ±�Î¡�~ÏL{ü*
	¢�ØJuy, ­¡3�:?��­�T:?���k'. ·�lïÄ­
¡��²¡��C:�ål\Ã, Ú?­¡�,���g�©ª—1�Ä�
/ª, ¿(Ü1�Ä�/ªÚ?{­Ç�Vg, §´ïþ­¡3�:?÷�
½�����­§ÝÚ�­���AÛþ, ddÐmé­¡�­¯K��¡
?Ø. Ì��)ü�¡�¯K: �´�­����Cz5Æ, (ØòLy3
Eulerúª; �´3­¡þ�½:?÷�������­¥´Äk��½�
��­? �Y´�½�, ù���­·�ò¡��Ì­Ç, �A���¡�
�Ì��. ?�Ú, |^Ì­Ç·��ò0�­¡�Gauss­ÇÚ²þ­Ç
�Vg.

'uÌ­Ç�?Ø��kn«¤Ù��{: �´|^)ÛAÛ¥��
����Vg5½ÂÌ��, �Auù����{­Ç¡�Ì­Ç; �´ò
{­Çw¤����¼ê, |^�È©�	ù�¼ê��.��, òÙ½Â
�Ì��, �A��.�¡�Ì­Ç. 1n«´y��á¥61��{, Ú?
WeingartenC�, |^�5�ê��£, òTC��A��½Â�Ì­Ç, A
��þ½Â�Ì��. cü«´3Ú?{­Ç�Ä:þ?1�, 
1n«�
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{�±¯kvk{­Ç�Vg, ù��¦+±ÛõÌ­Ç�AÛ¿Â��d,

�´uí2�p���/. Ïd, �Ù·�òæ^1n«�{.

XÓ­���/, ·��,���û½­¡���ØCþXÚ, �âþ
ã£��±ßÿ, ù�ØCþXÚAT´­¡�1�Ä�/ªÚ1�Ä�/
ª. éù�¯K���?Øò3e�ÙüÕ?1.

2.1 ���KKK­­­¡¡¡ ���²²²¡¡¡

�D ⊂ R2 ´�m«�, r : D → R3 ´��1-1N�. XJ3R2 ÚR3 ¥
©Oïá
(k����IX, ¿^ (u, v)L«R2 S:��I, (x, y, z)L«
R3 ¥:��I, KN�r �L�ª�

x = x(u, v),

y = y(u, v),

z = z(u, v),

(u, v) ∈ D, (1.1)

3ù�N�e, D ��8�¤�mR3 ¥��Ü­¡S, Ù¥ (u, v)¡�­¡S

�ëê, (1.1)ª¡�S �(�Iª)ëê�§. ±�²~r�Iªëê�§�
¤(�þª)ëê�§, =

r(u, v) = (x(u, v), y(u, v), z(u, v)),


�ob½¼êx(u, v), y(u, v), z(u, v) ∈ Ck, k ≥ 3.

�½ (u, v) ∈ D B(½n�| (x(u, v), y(u, v), z(u, v)), l
��­¡þ
�:P , 
r(u, v)�´P :éA�»¥, Ïd (u, v)�¡­¡�­«�I½Û
Ü�I, (x, y, z)�­¡þ:��m�I. 3^ëêL«�­¡¥, ^­«�
I'�m�I���B.

�Ñ­¡S þ?�:P0, �Ù­«�I (u0, v0), P0 :�»¥r(u0, v0).

y3�½Ù¥��ëê, 
4,�ëêC. X-u = u0 (=�½ëêu), 
4
v 3Ù½Â�SCÄ, ��­¡S þLP0 :��^­�r(u0, v), ¡�v-­�.

éØÓ�u0, v -­�|¤­¡þ�­�x, ¡�v-­�x. aq/, -v = v0

(=�½ëêv), 
4u3Ù½Â�SCÄ, ��­¡S þLP0 :�,�^­
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�r(u, v0), ¡�u-­�. éØÓ�v0, u -­�|¤­¡þ,�­�x, ¡�
u-­�x. u-­�Úv-­�Ü¡­¡�ëê­�½�I­�. ùüxëê­
��¤��­��, ¡�­¡�ëê­��½�I­��.

éu­¡S þ��I­�: u-­�Úv-­�, Ù��þ©O�

ru :=
∂r

∂u
=

(
∂x

∂u
,
∂y

∂u
,
∂z

∂u

)
, rv :=

∂r

∂v
=

(
∂x

∂v
,
∂y

∂v
,
∂z

∂v

)
. (1.2)

3u-­�Úv-­���:P0(u0, v0)?, eü^�I­����þru(u0, v0)

Úrv(u0, v0)�5Ã', =

ru(u0, v0) × rv(u0, v0) 6= 0,

K¡P0 ´­¡S þ��K:, ÄK¡�Û:. �Üd�K:|¤�­¡¡�
�K­¡. �ó�, 3�K­¡þ, ??¤á

ru × rv 6= 0, (1.3)

8��u?Ø�K­¡
Ø,\(².

X JP0(u0, v0)´ ­ ¡S : r = r(u, v)þ � � K :, Kru(u0, v0)�
rv(u0, v0)Ø��, Ïdru(u0, v0)Úrv(u0, v0)Ü¤P0 :��Ü²¡, ¡�
­¡S 3:P0 ��²¡, P�TP0S. LP0 :���²¡TP0S R����¡
��­¡3T:�{�. w,, ru(u0, v0) × rv(u0, v0)´­¡S 3:P0 ��
�{�þ, �A�ü {�þ�

n =
(

ru × rv

|ru × rv|

)
(u0,v0)

.

XJò�²¡w¤�����þ�m, K{ru(u0, v0), rv(u0, v0)}´
TP0(S)��|Ä�þ(�7��Ä). e¡5�`²�²¡�AÛ¿Â.

5� 1.1 TP0S �u­¡S þLP0 :�­�3P0 :���þ��N.

y² ¯¢þ, ·�I�y²ü�¯: (i) LP0 :�?�­�3P0 :�
��þ uTP0S; (ii) TP0S ¥?��þ´S þ,^LP0 :�­�3P0 :�
��þ. ±e©O�¤y².
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�y² (i), 5¿­¡þ­��±w¤´uv ²¡�D S�^­�3­¡
�N�r e��8. Uìù«n), ­¡S : r = r(u, v)þ­�Ï~L«¤

C : u = u(t), v = v(t), t ∈ (a, b) ½

γ(t) = r(u(t), v(t)), t ∈ (a, b).

y �C : γ(t) = r(u(t), v(t))´ ­ ¡S þ LP0 : � ? � ^ ­ �, �
P0(u0, v0):éA�ëê t = t0, =ku0 = u(t0), v0 = v(t0). ´�

γ ′(t0) =
(

ru
du

dt
+ rv

dv

dt

)
t=t0

= ru(u0, v0)
du

dt

∣∣∣∣
t=t0

+ rv(u0, v0)
dv

dt

∣∣∣∣
t=t0

.

��γ(t)3P0 :���þÑU^T:ü^�I­����þ�5L«. ù
�´ (i)�(Ø.

�L5, é?��5|Üλru(u0, v0) + µrv(u0, v0) ∈ TP0S (ùpλ, µ´
¢~ê), -γ(t) = r(u(t), v(t)), Ù¥u(t) = u0 + λ(t − t0),

v(t) = v0 + µ(t − t0),

w,u(t0) = u0, v(t0) = v0, =­�LP0(u0, v0):, �

γ ′(t0) = λru(u0, v0) + µrv(u0, v0).

ù�´ (ii)�(Ø.

nþ¤ã, ­¡S þ¤kLP0 :�­����þTÐ|¤�����
þ�m, §�´­¡S 3P0 :��²¡. �²¡¥?���¡�­¡S 3P0

:������. �­���'�, ­�3�:?�k�����, 
­¡3
�:?kÃ¡õ����, ùÃ¡õ�����¤­¡��²¡. ¤

XÓëê­���/, ­¡�ëê�#N��½�ëêC�. �­¡
S : r = r(u, v)�ëêC��u = u(ũ, ṽ),

v = v(ũ, ṽ),
(ũ, ṽ) ∈ D̃, (1.4)

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�
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Ù¥u(ũ, ṽ), v(ũ, ṽ)Ñ´ ũ, ṽ �3g±þëY��¼ê. PJacobiÝ


J =
∂(u, v)
∂(ũ, ṽ)

=

(
∂u(ũ,ṽ)

∂ũ
∂v(ũ,ṽ)

∂ṽ
∂u(ũ,ṽ)

∂ṽ
∂v(ũ,ṽ)

∂ṽ

)
, (1.5)

XJdet J 6= 0, K¡ëêC� (1.4)�NNëêC�.

3#ëê (ũ, ṽ)e, ­¡S �ëê�§q�L«�

r(u, v) = r(u(ũ, ṽ), v(ũ, ṽ)),

�A��I­����þ�rũ = ru
∂u
∂ũ + rv

∂v
∂ũ ,

rṽ = ru
∂u
∂ṽ + rv

∂v
∂ṽ ,

(1.6)

¤±3NNëêC� (1.4)e,

rũ × rṽ = (ru × rv) det J. (1.7)

l

ñ = sgn(J)n, (1.8)

Ù¥

sgn(J) =

1, det J > 0

−1, det J < 0
.

l'Xª (1.7)�±wÑ, �det J > 0�, rũ × rṽ �ru × rv ���Ó;


�det J < 0�, rũ × rṽ �ru × rv ����. Ïd, �det J > 0��A�
ëêC�¡�Ó�ëêC�, 
�det J < 0��A�ëêC�¡���ë
êC�.

,	, d (1.6)ª��±wÑ, ëêC�p�Ñ�²¡�ÄC�, ÄC�
�Ý
Ò´ëêC��JacobiÝ
J , =(

rũ

rṽ

)
= J

(
ru

rv

)
. (1.9)

5� 1.1 �K5!�²¡�{�Ñ�NNëêÀJÃ'.
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y² ù´ (1.7)ª�íØ. ¤

SK2–1

1. y²­¡S : r = r(u, v)þ­�C : γ(t) = r(u(t), v(t))�����dS �
ëê��©(=du, dv )�'���(½.

=y²> N´�Ñ

dγ

dt
=

du

dt

(
ru + rv

dv

du

)
,

¤± dγ
dt ‖ (ru + rv

dv
du ), u´ dγ

dt 3P0(u0, v0):���d

ru(u0, v0) + rv(u0, v0)
(

dv

du

)
u=u0
v=v0

(½, �ru(u0, v0), rv(u0, v0)3P0 :´®��þ, ¤± dγ
dt 3P0 :�����dP0

:?� dv
du ¤(½.

2. ëê�§

r(θ, v) =
(

cos θ + v sin
θ

2
cos θ, sin θ + v sin

θ

2
sin θ, v cos

θ

2

)
,

−π < θ < π,− 1
2 < v < 1

2 , ¤L«�­¡S ¡�ð'¿d(Möbius)�. ¦­¡S 3
v = 0?�ü {�þn(θ, 0).

=)> ��O�·���

n(θ, 0) =
(

cos θ cos
θ

2
, sin θ cos

θ

2
,− sin

θ

2

)
,

u´
lim

θ→−π
n(θ, 0) = (0, 0, 1),

lim
θ→π

n(θ, 0) = (0, 0,−1),

¤± lim
θ→π

n(θ, 0) = − lim
θ→−π

n(θ, 0). �´N´��

lim
θ→π

r(θ, 0) = lim
θ→−π

r(θ, 0).

ù L « ü   { � þn÷ Xv = 0� ­ � £ Ä � ± � ò U C � �, Ï d ð ' ¿
d(Möbius)�´Ø�½�­¡.

3. ¦�K­¡F (x, y, z) = 03Ù?¿:��²¡Ú{���§.

Ü����Æ êÆ�&E�ÆÆ� 4ï¤Æ¬KI�§ï�



��[���?°¬�§5�©AÛ6�ä]
 7

=)> �r(t) = (x(t), y(t), z(t))�F (x, y, z) = 0þ?��K­�, K

F (x(t), y(t), z(t)) = 0,

¤±
Fx

dx

dt
+ Fy

dy

dt
+ Fz

dz

dt
= 0,


r′(t) = (dx
dt , dy

dt , dz
dt )q�­¡������, dr(t)�?¿5� (Fx, Fy, Fz)��

�­¡�{�þ, ��²¡�§�

Fx(X − x) + Fy(Y − y) + Fz(Z − z) = 0,

{��§�
X − x

Fx
=

Y − y

Fy
=

Z − z

Fz
.

4. y²: ­¡�¥¡(½¥¡��Ü©)�¿©7�^�´­¡�¤k{�L
½:, �½:�¥%.

=y²> (⇒) �¥¡� (r − r0)2 = R2 , K (r − r0)���¥¡�{�þ,

l
¥¡3Ùþ?�:�{��§�

ρ(t) = r + t(r − r0), −∞ < t < ∞,

w,{�Lr0, =¥%.

(⇐) e­¡S : r = r(u, v)�¤k{�ρ = r + λnL½:r0, KÙ{�þ
n ‖ (r − r0) , l


(r − r0) · dr = 0,

È©þª=�
(r − r0)2 = R2,

ùL²­¡´±r0 �¥%, �»�R �¥¡.
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