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1.5 ²²²¡¡¡������üüü������NNN555½½½nnn

Ù�²¡��A�´LÇτ ≡ 0. ���m��AÏ�/, ��3
�m��Ä�úª¥, �τ = 0, Ò��²¡��Ä�úªṪ = κN ,

Ṅ = −κT .

Ó�3�m��Ä�½n¥, �τ = 0, Ò��²¡��Ä�½n. lù
«*:Ñu, �±@�²¡��nØ®Ä��õ.

,�«*:, �±Ø���m��AÏ�/, aqu�m�(½Â
3R3 ¥��), ò8I��3R2 ¥(�êü$), 5�	²¡����A
Ï5. �Ä�3²¡þ�±Ú\k���Vg, ±¦²¡��nØ���
�õ�Ly.

1. �éÇ�½Â £Á�m��Ç½Â�k = lim
∆s→0

∣∣∣∆ϕ
∆s

∣∣∣ , ùp
∆ϕ��þü�C:��þm�Y�. k �AÛ¿Â´�x�3�:?
��§Ý. du3²¡þkk���Vg, =^��O��Ý�K�, ��
�O��Ý���. Ïd, éu²¡�C : r(t) = {x(t), y(t)}, t ∈ (a, b) ,

·��±½ÂC ��éÇ�

kr = lim
∆s→0

∆ϕ

∆s
.

2. �éÇ�AÛ¿Â
ýé� |kr| = k , �N���§Ý;

�KÒ �N�÷l�O\�����. äN/`, 3kr > 0�:
?, ∆ϕ > 0 , ù¿�X���=�; 3kr < 0�:?, ∆ϕ < 0 , ùL²
��m=�.

3. �éÇ!ýéÇ�«O�éX
Äk, Òýé�ó, �ö´�Ó�, = |kr| = k . ÙgýéÇ �K, ��N�§Ý;

�éÇ ���K, Ø��N�§Ý, ��N���.
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5. �éÇ�O�úª

(1) ��ëêL«�, �C : r(t) = {x(t), y(t), }, t ∈ (a, b)���ëê

kr =
x′y′′ − x′′y′

(x′2 + y′2)3/2
.

(2) l�ëêL«�, �C : r(s) = {x(s), y(s), }, s ∈ (s0, s1)�l�ë
ê

kr = − ẍ

ẏ
=

ÿ

ẋ
, ½ kr = ẋÿ − ẍẏ.

6. ²¡��g,�§ �â²¡��Ä�½n, 3k�²¡þ, ·
��Ñ
�éÇkr(s)Ò��(½
��/G. Ïd·�r�§

kr = kr(s),

¡�²¡��g,�§½�5�§.

e¡·�?Ø3k�²¡þ�Ñ
�éÇkr(s) , XÛû½��/
G, =XÛéÑ§�ëê�§. �¤¦��ëê�§�r(s) = {x(s), y(s)}
, �â�éÇ�½Â��

kr(s) =
dϕ

ds
,

¿�ϕ´·Üeã'X�s�¼ê

cos ϕ = ẋ, sinϕ = ẏ

þªüàÈ©Ò��

x(s) =
∫

cos ϕds, y(s) =
∫

sinϕds,

Ù¥ϕ(s) =
∫

kr(s) ds . ù�Ò��
¤¦��ëê�§.

=~5> ¦�Ô�y = −x2 3�:��éÇ.

=y²> -x = t , Kr(t) = {t,−t2} , ¤±

kr(0) =
x′y′′ − x′′y′

(x′2 + y′2)3/2
= −2,
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dkr < 0�, �Ô�3�:?�C´m=��. (�±ÏL£:{, (½T�
Ô�����, ?û½=Ä��, ¿�d�éÇ���(J�'�)

=~6> ¦g,�§�kr = 1√
2as

(a > 0)���ëê�§.

=y²> ���ëê�§�r(s) = {x(s), y(s)} . Ï�kr = dϕ
ds , ¤

±ϕ =
∫

kr ds =
∫

ds√
2as

=
√

2s
a , ½

s =
aϕ2

2
, = kr =

1
aϕ

.

2d ẋ = cos ϕ, ẏ = sin ϕ�Ñ

x =
∫

cos ϕds =
∫

cos ϕ
ds

dϕ
· dϕ =

∫
cos ϕ

kr
dϕ

=
∫

aϕ cos ϕdϕ = a(cos ϕ + ϕ sinϕ).

Ón��

y =
∫

sinϕds =
∫

aϕ sinϕdϕ = a(sinϕ − ϕ cos ϕ).

¤±��ëê�§�

r(s) = {a(cos ϕ + ϕ sinϕ), a(sinϕ − ϕ cos ϕ)}.

=~7> ¦^Ó�r(θ) = {a(θ − sin θ), a(1 − cos θ)}�g,�§.

=y²> ²L{üO���

kr = − 1
4a sin θ

2

, s = −4a cos
θ

2
,

¤±^Ó��g,�§�

kr = − 1√
16a2 − s2

.

6. ²¡��ì �Úì��

7. ²¡���N5� 3A^FrenetúªïÄ�3�:�C?�
5��, ·�r?Ø�����3�:�¿©���, ù����5�´
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��ÛÜ5�. XJ±���Ü½�ã��ïÄé��, Ò�����
N5�. ùp·��Þ��NAÛ(=���AÛ)�A�~f, l¥�±
ÐÚwÑÛÜÚ�N5��«OÚéX.

XJ��Nìr(t) : [a, b] → R3 9Ù���ê3a! bü:�Ó, =

r(a) = r(b), r′(a) = r′(b), r′′(a) = r′′(b), · · ·

K¡r(t)�4�. XJ�g�Ø��, =l t1 6= t2 Òkr(t1) 6= r(t2) , K
¡�{ü�.

½n 7.3 (�±Ø�ª)�C ´±��L�²¡{ü4�, A´C ¤
�¤«��¡È. K

L2 − 4πA ≥ 0,

�Ò��=�C ´�±�¤á.

=5 2> (��©�Jordan�½n) �r(t) : [0, L] → R2 ´²¡�
K{ü4�. KR2 − r([0, L])Tkü�ëÏ©|, �±r([0, L])�§��
ú�>.. �âù�½n, ·�ob½²¡þ?¿�^{ü4�C o�¤
²¡þ���¡��SÜ�«�. ÃØ·��o�ÿ!�{ü4�C ¤�
¤�¡È, Ò¿�XC �SÜ�¡È. (Jordan�½néÃX�¡þ�{ü
4�¿Ø¤á)

=5 3> �±Ø�ª´�©AÛ¥��P��N5½n, §�Ö/
´: 3²¡þ¤k�Ý�L�{ü4�¥, =�^¤���¡È��? �
±¯K�ù«/ª, F1<@®¤�, ¦�����Y´�. ,'u�´
�±¯K��Y�-<÷¿�y², %´éÈ±�âÑy. Ì��Ïq�
´�@��
y²Ñb�
)��35. ��1870câdK. Weierstrass�
Ñ, Nõaq�¯K¿vk), ¦�Ñ
�±¯K)��35����y².

Weierstrass�y²k:JÃ, ù´¦�<uÐ�¦,«È©����(½�
��) �nØ���íØ(ù�nØ¡�C©Æ, �±¯K´|^ù�	nØ
?n�¯K¥���;.~f). ±�<�é�
����y². Ù¥�N´
n)�´E. Schmidtu1939cJÑ�y²�{.

éu²¡4�C , �θ(s)´lx¶���s?��þα���. �
θ(s)�s�ëY��¼ê, XJL�C �±�, Ïα(0) = α(L)�θ(L) − θ(0)
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7�2π ��ê�, =�C ����α(s)3ü �±þ�7�:7
eZ
�(_��^=�, �ê��; ^��^=�, �ê�K).

½Â 7.2 ²¡�C ����α(s)3ü �±þ�7�:O ¤7�
�ê ir ¡�C �^=�I. w,d^=�I�½Â�±wÑ

ir =
θ(L) − θ(0)

2π
=

1
2π

∫ L

0
θ′(s) ds =

1
2π

∫
C

kr ds.

½n 7.4 (��^=�I½n)²¡{ü1w4��^=�I�u
±1 .

��K²¡�(Ø�½´4�)C : r = r(t), t ∈ [a, b] , XJé¤k
t ∈ [a, b] , C �;,�Ü ud t?��¤û½�4�²¡��>, K¡C ´
à�.

�K²¡��º:, ´¦k′
r(t) = 0�: t ∈ [a, b] . ~XØ�¶�ý�

Tko�º:, =¶uý����:. ��k���N¯¢´: ù�ê�´
��à4�¤äk����º:ê.

½n 7.5 (oº:½n){üà4���ko�º:.

=5 3> oº:½né{ü4�(Ø�½´à�)�¤á, �y²
�J. k'ù��Kë�: Chern, S. S., Curves and Surfaces in Euclidean

Spaces, Studies in Global Geometry and Analysis, MAA Studies in Mathe-

matics, The Mathematical Association of America, 1967.

SK1–5

1.
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