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1.4 ���ØØØ���ÄÄÄ���½½½nnn

�!·�òy²��/G��d§�ÇÚLÇ¤(½, ùÒ´�
Ø�Ä�½n, �)��5Ú�35½n.

½n 4.1 (��5½n) �r1(s)Úr2(s)´ü^l�ëê�, ½Â3
Ó�ëê [a, b]«mþ. �κ1(s) = κ2(s) > 0, τ1(s) = τ2(s), ∀ s ∈ [a, b]. K�
3R3 ���fN$ÄT r�r2(s)C�r1(s), =r1 = T ◦ r2.

y² �ü^�r1(s), r2(s)3s = a?�FrenetIe©O�

{T 1(a),N1(a),B1(a)}, {T 2(a),N2(a),B2(a)},

K�3R3 ���fN$ÄT r��IeC�c�Ie, =r1(s)ÚT ◦ r2(s)

3s = a?�FrenetIeÜ. ±e5y²r1(s)ÚT ◦ r2(s)Ü, lr1(s)

Úr2(s)����fN$ÄT .

�FrenetIe�$Ä�§�

ṙ(s) = T (s),

Ṫ = κN ,

Ṅ = −κT + τB,

Ḃ = −τN .

(4.1)

ù´��'u�þ�¼êr,T ,N ,B �~�©�§|. �r1(s)�Frenet

IeÚT ◦ r2(s)�FrenetIe´�§ (4.1)�ü|), §�3s = a�
Ü¿�Xùü|)3s = a�Ð���, d)éÐ����5½ná�
r1 = T ◦ r2. ¤

½n 4.2 (�35½n) �κ(s)Úτ(s)´½Â3«m [a, b]S�ü�ë
Y¼ê�κ(s) > 0. K�3R3 �ëê�r = r(s), s ∈ [a, b], §±s�l�
ëê, ±�½�¼êk(s)Úτ(s)�§�ÇÚLÇ, �ù����õ��
�R3 � �.

y² XJ÷vK�^����3, KFrenetúª7¤á, ùJ«·
��±�Äe�±�þ�¼êr(s), e1(s), e2(s), e3(s)���þ, ±®�¼ê
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κ(s), τ(s)�Xê�~�©�§|

dr(s)
ds = e1(s),

d
ds


e1(s)

e2(s)

e3(s)

 =


0 κ(s) 0

−κ(s) 0 τ(s)

0 −τ(s) 0




e1(s)

e2(s)

e3(s)

 .
(4.2)

XJ�½Ð©^�{r0,T 0,N0,B0}, Ù¥r0 = r(0), T 0,N0,B0 ´r0 ?�
mÃN�Ie, d~�©�§|)��3��5½n��, �§| (4.2)k�
�){r(s); e1(s), e2(s), e3(s)}, ¦��s = a�,

{r(a); e1(a), e2(a), e3(a)} = {r0;T 0,N0,B0},

e¡y²�§| (4.2)�)r(s)�´½n�¦��.

Step... y² (4.2)�){r(s); e1(s), e2(s), e3(s)}´mÃN�Iex.

-gij(s) = ei(s) · ej(s), 1 ≤ i, j ≤ 3, �P

(aij(s)) =


0 κ(s) 0

−κ(s) 0 τ(s)

0 −τ(s) 0

 ,

N´�ygij(s)÷ve��5àg�©�§:

dgij(s)
ds

=
dei(s)

ds
· ej(s) + ei(s) ·

dej(s)
ds

=
3∑

l=1

(ail(s)glj(s) + ajl(s)gil(s)),

gij(a) = δij ,

(4.3)

Ù¥

δij =

1, i = j,

0, i 6= j.

,��¡, 5¿� (aij(s))´�é¡Ý
, N´�ygij(s) = δij ´�§| (4.3)

���), d�5àg�©�§|)���5��, §Ò´ (4.3)���).

¤± (4.2)�){r(s); e1(s), e2(s), e3(s)}´N�Iex.
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due1(s), e2(s), e3(s)�¤N�Ie, Ïd (e1(s), e2(s), e3(s)) = ±1.

,	 (e1(s), e2(s), e3(s))´s�ëY¼ê, �

(e1(a), e2(a), e3(a)) = (T 0,N0,B0) = 1,

l
(e1(s), e2(s), e3(s)) = 1.

Ïd, {r(s); e1(s), e2(s), e3(s)}´mÃN�Iex.

Step/// y²�§| (4.2)�)r(s)�´½n�¦��.

¯¢þ, �§| (4.2)�)r(s) =
∫ s
s0

e1(σ) dσ + r0. w,��
∣∣∣dr(s)

ds

∣∣∣ =

|e1(s)| = 1, =s´�r(s)�l�. �uÇÚLÇdúª���y=´.

3�y�L§¥, g,¬uyIex{r(s); e1(s), e2(s), e3(s)}�´)�
r(s)�FrenetIe{r(s);T (s),N(s),B(s)}.

Step000 ØJuyþãy²���)�r(s)�6u·�ý��Ð�
^�{r0,T 0,N0,B0}, �ØÓ�Ð����ü^�þ±s�l�ëê, 
�äk�Ó�Çκ(s)Ú�Ó�LÇτ(s), �â½n4.1, ùü^��õ�
���R3 �f5$Ä. ¤

5 1 �Ä�½n�y²�6u¯¢: ��l�, ÇÚLÇ´f
5$Ä�ØCþ.

5 2 �âÄ�½n, éu�½�κ(s) > 0Úτ(s), XJ®¦�÷v,
�Ð©^��)�r = r(s), @oéuÙ¦Ð©^��¦)¯K�z�é
��$Ä�¯K, ù  �±;��)�¡��©�§|.

dÄ�½n, ·��±^�§κ = κ(s), τ = τ(s)5L«�^�, ù
ü�éá�§¡���g,�§½�5�§. ^g,�§5L«��Ð
?Ò3u�§�L«´���, �Ø�6�m�IX�À�.

Ù�, �ÎÚ��ÇÚLÇÑ´�"~ê, Ïd�â�Ø�Ä�½
n��, ÇÚLÇÑ´�"~ê���½�±Ú,�ÎÚ�Ü. e¡
·�^��)�©�§|��{y²ù�(Ø, ±B?�ÚÙG�½¼ê
κ(s)Úτ(s)�, XÛäN/¦Ñ�^�±§��ÇÚLÇ��{.
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=~ 1> ¦g,�§�

κ(s) =
a

a2 + b2
, τ(s) =

b

a2 + b2

(Ù¥a, bÑ´�~ê)���ëê�§.

=)> ���ëê�§�r = r(s), KdFrenetúª�
Ṫ = κN

Ṅ = −κT + τB

Ḃ = −τN

Ù¥κ = a
a2+b2

, τ = b
a2+b2

.

ò1�és¦�, 2ò1�!nüª�\, �

N̈ +
1

a2 + b2
N = 0,

)ù���~�©�§�Ï)�

N = A cos
s√

a2 + b2
+ B sin

s√
a2 + b2

,

Ù¥A,B ´ü�È©~¥þ. Ï� |N | = 1, K

cos2
s√

a2 + b2
A2 + sin2 s√

a2 + b2
B2+

2 cos
s√

a2 + b2
sin

s√
a2 + b2

A · B = 1,

ds3½Â�S�?¿5��,

A2 = B2 = 1, A · B = 0,

u´·���A = −e1,B = −e2 (ùpe1, e2 ´�m���IX¥�x -¶
Úy -¶���ü �þ), l

N =
(
− cos

s√
a2 + b2

,− sin
s√

a2 + b2
, 0

)
,

é Ṫ = κN ü>È©�

T =
a√

a2 + b2

(
− sin

s√
a2 + b2

, cos
s√

a2 + b2
, 0

)
+ C
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ùpC ´È©~�þ. e¡·�5(½C .

Ï� |T | = 1, =

a2

a2 + b2
+ C2 +

2a√
a2 + b2

(
− sin

s√
a2 + b2

e1 + cos
s√

a2 + b2
e2

)
· C = 1

©O-þª¥s = 09s = π
√

a2 + b2 , ·���

e2 · C = 0,

aq/, 2-s = π
2

√
a2 + b2 9s = 3π

2

√
a2 + b2 q�

e1 · C = 0,

�ù� |C| = b√
a2+b2

, ·��-e3�z -¶����ü �þ, u´

C =
b√

a2 + b2
e3,

T =
1√

a2 + b2

(
−a sin

s√
a2 + b2

, a cos
s√

a2 + b2
, b

)
,

��d ṙ = T , ü>È©��

r(s) =
(

a cos
s√

a2 + b2
, a sin

s√
a2 + b2

,
bs√

a2 + b2

)
,

- t = s√
a2+b2

, K
r(t) = (a cos t, a sin t, bt),

ùÒ´·�Ù���ÎÚ��ëê�§.

SK1–4

1. y²: �´�(½�l)��=�κ = const( 6= 0), τ ≡ 0.

=y²> �âÇÚLÇÑ´f5$Ä�ØCþ, ·�����ëê�§
�r(θ) = {R cos θ,R sin θ, 0}, θ ∈ [0, 2π]. {üO���κ = 1

R (~ê), τ ≡ 0.

�L5, ��C �Çκ�~êk0, LÇ τ ≡ 0. d τ ≡ 0���²¡
�, -R0 = 1

k0
, C̄ : r̄(s) =

(
R0 cos s

R0
, R0 sin s

R0
, 0

)
, s ∈ [0, 2R0π], K C̄ �Ç

κ̄ = 1
R0

= k, τ̄ ≡ 0 = τ , d�Ø�Ä�½n, C � C̄ �õ���� R3 �f5$Ä,

=�C��.
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