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1.3 Frenetúúúªªª999AAA^̂̂

d§1.2·�®²��, 3­�C : r = r(s)þ­ÇØ�"�:P0(s0)

?, kn�üüp�R��ü ¥þT (s0),N(s0),B(s0), §�|¤­�3
P0 :FrenetIe{r(s0);T (s0),N(s0),B(s0)}. XJ­�þ�:�­ÇÑØ
�", 4:P0 3­�þCÄ�, B��÷X­���xmÃN�Ie, P�
{r(s);T (s),N(s),B(s)}, ¡�FrenetIe(x), ùxIe�­�kX;�
éX, §�Czò�N­��AÛ5�.

ïÄFrenetIe�Cz5Æg,I�'5z�Ie�þ��ê. Ï�
T (s),N(s),B(s)´n��5Ã'��þ, ¤±Ù��þ Ṫ , Ṅ , Ḃ �±^§
��5L«. e¡·�5í�ù
�5L«�äNL�ª.

Äk, d­ÇÚLÇ�½Â, ·�®²��

Ṫ = κN , Ḃ = −τN ,

Ù¥κÚτ ´­��­ÇÚLÇ.

y3éN = B × T ü>'ul�s¦�, ¿|^þ¡üªB�

Ṅ = −κT + τB.

u´·���eãúª 
Ṫ = κN ,

Ṅ = −κT + τB,

Ḃ = −τN .

(3.1)

úª (3.1)�¤Ý
�/ªXe
Ṫ

Ṅ

Ḃ

 =


0 κ 0

−κ 0 τ

0 −τ 0




T

N

B

 . (3.2)

ù|úª´d{IêÆ[Frenetu1847cuy�, Ï~¡�Frenetúª.

du{IêÆ[Serretu1851c�Õáuyù|úª, ¤±�kFrenet-

Serretúª�`{. �X�m�í£, <��5�@£�ù|úª´­�Ø
�(µ, §´ïÄ­�AÛ5��rkå�óä.
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e¡Þ~`²XÛA^Frenetúª��Ñ,
{ü�AÛ5�.

=~ 1> y²µXJ­Ç??Ø�"�­��¤k��²¡Ñ²L
�½:, Kd­��²¡­�.

=y²> �­��g,ëê�§�r = r(s), ¿���²¡þ6Ä:
�»¥�ρ, K��²¡�§�

(ρ − r(s)) · B = 0.

dK���²¡L½:, Ø���5�½:��I�:, K

r(s) · B = 0, (3.3)

ü>'ul�s¦�, �

τ(s)r(s) · N = 0. (3.4)

��­�3,:P (s0)?τ(s0) 6= 0, @o|^τ �ëY5, 7�3��
¹s0 �m«m (s0 − ε, s0 + ε)÷veã5�µéu∀ s ∈ (s0 − ε, s0 + ε),

τ(s) 6= 0. Kd (3.4)ªr(s) ⊥ N , 
d (3.3)ªr(s) ⊥ B, ¤±r(s) ‖ T , =
�3��©¼êλ(s), s ∈ (s0 − ε, s0 + ε), ¦�

r(s) = λ(s)T (s). (3.5)

(3.5)ªü>és¦�, �

T =
dλ(s)

ds
T + λ(s)κ(s)N , (3.6)

duT ,N ´�5Ã'�ü�ü �þ, '� (3.6)ªü>�

dλ(s)
ds

= 1, λ(s)κ(s) = 0,


dK�κ(s) > 0, K3��m«m (s0 − ε, s0 + ε)þkλ(s) = 0, ù�
dλ(s)

ds = 1gñ. ù�gñ`²­��LÇτ(s) ≡ 0, =­��²¡­�. ¤

=~ 2> �r(s)´¥¡þ��^l�ëê­�, y²: r 3FrenetI
ee�©)ªr(s) = − 1

κN − d
ds

(
1
κ

)
1
τ B.
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=y²> �r = aT + bN + cB, Ù¥a, b, c´�½Xê. Ïr(s)´¥
¡­�, �k

|r(s)|2 = R2 (R�¥¡�»).

ü>'ul�¦�, ¿dFrenetúª�

r · ṙ = 0 ½ a = r · T = 0.

2éþªü>¦�, (ÜFrenetúª�

T 2 + κr · N = 0.

Ïd, b = r · N = − 1
κ . ��é�ª− 1

κ = r · N ü>¦�, 2g|^Frenet

úª�

− d

ds

(
1
κ

)
= τr · B.

u´ c = r · B = − d
ds

(
1
κ

)
1
τ . ¤

lþã~f�±ÐÚw�, A^Frenetúª)ûùa¯K���g´
Xe:

(1) òK�AÛ^��êz;

(2) �©�êzL�ª, ¿òFrenetúªÚAÛ^��\;

(3) )º¤�(J�AÛ¿Â;

(4) ­EþãnÚ, ���Ñ(Ø��.

�!��, ��Frenetúª�­�A^��, ·�5?Ø­�3�K:
�C�5�. Ä�g´´: ��K:?�FrenetIe��#�IX, ,�ò
­�(3�K:�C�Ü©)^#�IX­#L«, ¿���­��Cq­�,

��ÏLCq­�
)�­��AÛ5�. e¡´äN�¢�L§.

�C : r = r(s)´�^�Kl�ëê­�. Ø���5, ·�3s = 0:
�Còr(s)U(k��)TaylorÐm:

r(s) = r(0) + sṙ(0) +
s2

2
r̈(0) +

s3

6
...
r (0) + R,
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ùp lim
s→0

R/s3 = 0. du ṙ(0) = T (0), r̈(0) = κ(0)N(0)9 ...
r (0) = κ′N(0) −

κ2(0)T (0) + κ(0)τ(0)B(0), ·���

r(s) − r(0) =
(

s − k2(0)s3

6

)
T (0) +

(
k(0)s2

2
+

k′(0)s3

6

)
N(0)

+
k(0)τ(0)s3

6
B(0) + R.

y3�{P0(s = 0); T (0),N(0),B(0)}��#�IX, K­�C þP0 �
�C:�#�Ideª�Ñ:

x(s) = s − κ2(0)
6 s3 + Rx,

y(s) = κ(0)
2 s2 + κ′(0)s3

6 + Ry,

z(s) = κ(0)τ(0)
6 s3 + Rz,

(3.7)

ùpR = (Rx,Ry,Rz), (3.7)ª¡�­�C 3s = 0�����¥�ÛÜ5
�/ª, ½¡�Bouquetúª.

b�κ(0) 6= 0, τ(0) 6= 0, ·��� (3.7)¥�ª�1��, Ò��s = 0

�CÚ�­�C Cq�­�C∗ : r∗(s) = (x∗(s), y∗(s), z∗(s)):
x∗(s) = s,

y∗(s) = κ(0)
2 s2,

z∗(s) = κ(0)τ(0)
6 s3,

(3.8)

(5¿ùps�7´C∗ �l�ëê)N´y²C �C∗ 3s = 0?äk�Ó�
­ÇÚLÇ9�Ó�FrenetIe. Ïd�­�C 3s = 0?�5G�±^ù
^Cq­�5�[. �d, ·�òCq­�C∗ ©OÝK�n��I²¡þ:

C∗ 3��²¡þ�ÝK­���^�Ô�x∗(s) = s,

y∗(s) = k(0)
2 s2,

i.e. y∗ =
k(0)
2

x∗2,

C∗ 3{²¡þ�ÝK­���^�á��Ô�y∗(s) = k(0)
2 s2,

z∗(s) = k(0)τ(0)
6 s3,

i.e. y∗3 =
9
2

k(0)
τ2(0)

z∗2,
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C∗ 3l�²¡þ�ÝK­���^ng�Ô�x∗(s) = s,

z∗(s) = k(0)τ(0)
6 s3,

i.e. z∗ =
1
6
k(0)τ(0)x∗3.

l±þ'u­�C �Cq­��n�ÝK­��?Ø, ·��Ñ'u
�­�C �Xe(Ø:

(1) Ì{�þo´��­��]ý; 
�3�K:�¿©���, ­�
oBL{²¡Ú��²¡, �lØBLl�²¡, =��á3l�²¡��
N ��ý;

(2) LÇÎÒ�AÛ¿Â.

XJ·�5½B ¤���´��²¡��ý, @oeτ(0) > 0, ­�÷
l�O\��²Ls = 0:�, d��²¡KýB��ý; eτ(0) < 0, ­�
÷l�O\��²Ls = 0:�, d��²¡�ýB�Ký. dd��, �
τ(0) > 0�, ­�3s = 0:NCaqum^Ú�, ¡�´m^�, �τ(0) < 0

�, ­�3s = 0:NCaqu�^Ú�, ¡�´�^�. ¤±LÇ�ÎÒû
½­�3�	:?´m^��´�^�.

(3) ��²¡�AÛ¿Â.

­�3s = 0?���²¡Ò´s = 0?�����C:r(s)¤û½�
²¡(�s → 0�)�4� �. ¯¢þ, d:r(s)9s = 0?���¤û½�
²¡�§�{¥þ�T (0) × (r(s) − r(0)) = (0,−z(s), y(s)), u´�A�²
¡�§�

−Y · z(s) + Z · y(s) = 0 ½ Z = λY,

Ù¥

λ =
z(s)
y(s)

=
κτ
6 s3 + · · ·

κ
2s2 + κ′

6 s3 + · · ·
.

�s → 0�, λ → 0. u´¤û½�²¡ªCuZ = 0, =��²¡.

(4) du­�3�K:�C�Cq­�äk�Ó�FrenetIe, 
C
q­���d�­��­Çκ(s)ÚLÇτ(s)¤û½, ¤±é
)­�
ó,

κ(s)�τ(s)�Øõû½
­���Ü5�. e�!òy²d¯.
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SK1–3

1. y²±e(Ø:

(1) e­��¤k��L½:, K­�´��.

(2) e­����²¡??²1, K­�´²¡­�.

(3) e­��¤k{²¡L½:, K­�´¥¡­�.

2. �3ü^­�C1, C2 �:�mïá
��éA'X, y²µ
(1) e§�3éA:���²1, KéA:�Ì{�9B{��©O²1.

(2) e§�3éA:�Ì{�²1, KéA:����¤�½�.

(3) eC1, C2 ��L­�3éA:�B{�²1, K§�3éA:���Ú
Ì{��©O²1.

3. y²: ­�3�:Ú§�Cq­�k�Ó�­ÇÚLÇ.

4. �­�r(s)�Ì{�þÚB{�þ©O´N(s), B(s). òN(s), B(s)w
¤ü^¥¡­�, ¦§��­ÇÚLÇ.

5. �{r(t); e1(t), e2(t), e3(t)}´÷­�r(t)½Â���N�Ie|, b½

d

dt
ei(t) =

3∑
j=1

λij(t)ej(t), 1 ≤ i ≤ 3.

y²: λij(t) + λji(t) = 0.
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