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1.2 FrenetIIIeee ­­­ÇÇÇÚÚÚLLLÇÇÇ

�C : r = r(s)´l�ëêz­�, P0(s = s0) ∈ C. -T (s0) = ṙ(s0),

KT (s0)´­�C 3P0 :?�ü ��þ.

dus´l�ëê, ¤± |ṙ(s)| ≡ 1, =k ṙ(s) · ṙ(s) ≡ 1, ü>'ul�
s¦��, ṙ(s) · r̈(s) = 0, Ï
 r̈(s) ⊥ ṙ(s). b½ |r̈(s0)| 6= 0, K-

N(s0) =
r̈(s0)
|r̈(s0)|

,

B(s0) = T (s0) × N(s0),

w,, T (s0),N(s0),B(s0)´p�R��ü �þ, 
�UìT ,N ,B �^
S�¤mÃX. ù�·�Ò��
­�C 3P0 :���mÃN�Ie, P
�{r(s0);T (s0),N(s0),B(s0)}, §�L«­��(k����IX�À�
Ã', �ØÉ­���±½��NNëêC��K�, ¡�­�C 3P0 :�
FrenetIe.

©O¡T (s0),N(s0),B(s0)�­�C 3P0 :���þ!Ì{�þ!B
{�þ. ±§���{�þ�²¡©O¡�­�C 3P0 :�{²¡!l�
²¡!��²¡, 
±§�����¥þ���©O¡�­�C 3P0 :�
��!Ì{�!B{�(Xã¤«).
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e¡m©?Ø­��­ÇÚLÇ.

�C : r = r(s)´l�ëê­�, ¡ |Ṫ (s)|�­�C �­Ç, P�κ(s) =

|Ṫ (s)| = |r̈(s)|, ¿¡ r̈(s)�C �­Ç�þ, �κ(s) 6= 0�, ¡1/κ(s)�­�
�­Ç�».

�
)º­Ç�AÛ¿Â, ?�:P (s) ∈ C 9Ù�C:Q(s + ∆s), P

ÚQ:?�ü ��þ©O�T (s) = ṙ(s)ÚT (s + ∆s) = ṙ(s + ∆s), §�
�Y���∆θ, K |T (s + ∆s) − T (s)| = 2 sin ∆θ

2 , u´

|T (s + ∆s) − T (s)|
|∆s|

=
2 sin ∆θ

2

|∆s|
=

sin ∆θ
2

|∆θ
2 |

· |∆θ|
|∆s|

,

�

κ(s) = |Ṫ (s)| = lim
∆s→0

∣∣∣∣T (s + ∆s) − T (s)
∆s

∣∣∣∣ = lim
∆s→0

∣∣∣∣∆θ

∆s

∣∣∣∣ ,

ùL²­�3�:?�­Ç�ud:��C:����þ�m�Y�'u
l��CzÇ, §�N
­���­§Ý. XJ­�3,:?�­Ç��, L
«­�3T:NC����UC��¯, Ïd­�3T:��­§Ý��.

½n 2.1 ­�����¿©7�^�´­Çκ ≡ 0.

y² e­�C : r = r(s)���, �Ùl�ëê�§�r = r0+as, Ù
¥r0 �~¥þ, a����ü ��¥þ. u´T (s) = a, �κ = |Ṫ (s)| ≡ 0.

��, ekκ ≡ 0, KT (s)�~¥þ, P�T 0. éT (s) = ṙ(s)ü>'u
l�sÈ©�r(s) =

∫
T (s) ds = T 0s + r0, ù�´����§. ¤

�m­�Ø���­, 
���Û­, =�lm§���²¡. �
U
�xù�Û­§Ý, �du�ïÄ��²¡�{¥þ(=­��B{¥þ)'
ul��CzÇ. �d·�k�ÑXeÚn.

Ún 2.2 Ḃ ‖ N .

y² ��¡, Ï�B · T = 0, ü>'ul�s¦�, Ó�5¿�
Ṫ = κN B� Ḃ · T = 0, = Ḃ R�uT .

,��¡du |B| = 1, ü>'ul�s¦�B� Ḃ · B = 0, = Ḃ R�
uB. ùü�¡`² Ḃ ‖ (B × T ) = N . ¤
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�κ(s) 6= 0, d Ḃ(s) = −τ(s)N(s) (KÒ´�
±�$��B
Ú?
�) ¤(½�¼êτ(s)¡�­�C 3s?�LÇ, =τ(s) = −Ḃ(s) ·N(s). �
τ(s) 6= 0�, §��ê 1

τ(s) ¡�LÇ�».

dLÇ�½Â� |τ(s)| = |Ḃ(s)|, ÏdLÇ�ýé�L«­��B{�
þ'ul��CzÇ, �ó�, ­��LÇÒýé�
óÙAÛ¿Â´�N

­�lm��²¡�¯ú, =­��Û­§Ý, �KÒ�N­��Û­�
�.

½n 2.3 ­Ç??Ø�"�­��²¡­��¿©7�^�´LÇ
τ(s) ≡ 0. ?
, ­��²¡­���=�­����²¡�½���.

y² �­�C : r = r(s) u�²¡þ, ·�äóB(s)�~¥þ. ¯
¢þ, �r(s)¤3²¡�{�þ�B0, Kk (r(s)− r(0)) ·B0 = 0. ü>'u
s¦����T (s) ·B0 = 0, 2¦�q�κ(s)N(s) ·B0 = 0, 5¿�κ(s) 6= 0,

�T , N Ñ�B0 R�, ¤±B(s) = N(s)×T (s)´�~�þB0 ²1�ü 
�þ. ��dB(s)´~�þ´�τ(s) = −Ḃ · N ≡ 0.

��, XJτ(s) ≡ 0, = Ḃ · N = 0, 
 Ḃ ��uN , ¤± Ḃ(s) ≡ 0½
B(s)�~¥þ, P�B0. u´����y d

ds(r(s) · B0) = 0, =r(s) · B0 =

~ê, ù`²­�C þ�:÷v�²¡��§, =C �²¡­�. ¤

½n 2.4 ­ÇÚLÇÑ´­��AÛþ.

y² du­��l�s�­��ëêÀ�Ã', ¤±­Çκ(s) =

|Ṫ (s)| = |r̈(s)|9LÇτ(s) = −Ḃ(s) · N(s)Ñ�­��ëêÀ�Ã'. ,	,

du�IC��±�þ�Y�Ú��, Ïd­ÇÚLÇ�´f5$ÄØCþ.

¤

þã?ØL§(98�)Ñ^��«¦�Z{: XJ�þa(s)äk�½
�Ý, Kéa(s) · a(s) = c (~ê)ü>¦��Ò�� da(s)

ds · a(s) = 0, = da(s)
ds

�a(s)��. AOéuFrenetIe�þ, k Ṫ ⊥ T , Ṅ ⊥ N , Ḃ ⊥ B. a
q/, ¦�Z{éu���þ�²~÷^, XéFrenetIe�þ, N´��
Ṫ · N + T · Ṅ = 0�. ù��Z{�,�Øþ�ou²ME, �´ÏL¦�
Ïé)û¯K�å»�´�©AÛ¥“�©”�i�Ä�¹Â, F"�[ÑU
P4ù��Z{¿�E¢�, ?Û�ÿ\Ñk¿�Ø��Â¼.
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oþ¤ã, él�ëê­�, ·��Ñ
­����9Ïã/—Frenet

Ie, |^§)Û/½Â
­��ü�AÛþ—­ÇÚLÇ, ÙAÛ¿Â3
uU©O�N­���­ÚÛ­§Ý. éuNõäN�ëê­�, z�±l
���ëêkXäNO�þ(J, Ïd, é�l�ëê­�, í�Ñ�@O
�FrenetIe9­ÇÚLÇ�O�úªk½��y¢¿Â. ·�òäN�í
�L§3�Öö��öS, ��òl�ëê��l�ëêL«e'u­�
FrenetIe�n��þT ,N ,B 9­ÇLÇ�O�úªo(3XeL�¥:

r = r(s)

s�l�ëê

T (s) = ṙ(s)

N(s) = r̈(s)/|r̈(s)|

B(s) = T (s) × N(s)

κ(s) = |Ṫ (s)| = |r̈(s)|

τ(s) =
(ṙ(s), r̈(s), ...r (s))

(r̈(s))2

r = r(t)

t���ëê

T (t) = r′(t)/|r′(t)|

N(t) = B(t) × T (t)

B(t) =
r′(t) × r′′(t)
|r′(t) × r′′(t)|

κ(t) =
|r′(t) × r′′(t)|

|r′(t)|3

τ(t) =
(r′(t), r′′(t), r′′′(t))

(r′(t) × r′′(t))2

=~ 1> ©O¦ý�C : r(t) = (a cos t, b sin t, 0) (a > b > 0)3�¶
º:A(a, 0, 0)9á¶º:B(0, b, 0)?�­ÇÚLÇ.

=)> 5¿�:AÚ:B éA�ëê�©O� t = 0, t = π/2, ��
O���

|r′(0)| = b, |r′(π/2)| = a, |r′(t) × r′′(t)| = ab.

u´A:?�­ÇκA = ab
b3

, B :?�­ÇκB = ab
a3 , w,κA > κB, ù�`

²ý�C 3�¶º:?��­§Ý'C 3á¶º:?��­§Ýp, �é{
`, ý�C 3á¶º:�C'�¶º:�C²".

�uLÇ, Ï�­�C ´²¡­�, ÙLÇ??�0.

AO/, ea = b, =C ´�, ù�, N´�y�þz�:?�­ÇÑ�
�, ��u�»��ê, ù��¡L²�3Ùþz�:?��­§ÝÑ�Ó,

Ó��L²�»��, �­§Ý��. ù
¯¢�AÛ�*´Øó
��. ¤
=~ 2> ¦�ÎÚ�r(t) = (a cos t, a sin t, bt)�­ÇÚLÇ, ùp

a, b > 0.
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=)> ��O���

|r′(t)| =
√

a2 + b2, |r′(t) × r′′(t)| = a
√

a2 + b2,

(r′(t), r′′(t), r′′′(t)) = a2b,

�\­ÇÚLÇ�O�úªá=�

κ(t) =
a

a2 + b2
, τ(t) =

b

a2 + b2
.

dd���ÎÚ��­ÇÚLÇþ�~ê, 8�òy²Ù_·K�¤á, =
­ÇÚLÇþ��"~ê�­��½´�ÎÚ�. ¤

=~ 3> ¦­�r(t) = (cos3 t, sin3 t, cos 2t)�FrenetIe9­ÇÚ
LÇ, ùp0 < t < π/2.

=)> ��O��� |r′(t)| = 5
2 sin 2t, �� tØ´l�ëê, ¤±ò

r′(t)ü z���

T (t) = r′(t)/|r′(t)| =
(
−3

5
cos t,

3
5

sin t,−4
5

)
,




N(t) =
r̈(s)
|r̈(s)|

=
˙T (s)

| ˙T (s)|
=

dT (t)
dt

dt
ds∣∣∣dT (t)

dt
dt
ds

∣∣∣ = (sin t, cos t, 0),

¤±

B(t) = T (t) × N(t) =
(

4
5

cos t,−4
5

sin t,−3
5

)
.

u´­�r(t)�­Ç

κ(t) =
∣∣∣∣dT (s)

ds

∣∣∣∣ =
∣∣∣∣dT (t)

dt

∣∣∣∣ · ∣∣∣∣ dt

ds

∣∣∣∣ =

∣∣dT
dt

∣∣∣∣dr
dt

∣∣ =
6

25 sin 2t
.

�
O�LÇ, d½Âτ = −dB
ds · N , 
 dB

ds = dB
dt · dt

ds , �

τ(t) = −
dB
dt · N∣∣dr

dt

∣∣ =
8

25 sin 2t
.

¤
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SK1–2

1. ¦�K­�

F (x, y, z) = 0,

G(x, y, z) = 0
3Ùþ?¿:?���Ú{²¡�§.

2. y²: ­��¥¡­��¿�^�´§�¤k{²¡ÑÏL½:.

3. ¦­�x = t sin t, y = t cos t, z = tet 3�:�FrenetIe.
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