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ContentsContents

•• Various nonVarious non--linearitieslinearities
•• reasons for the presence of nonreasons for the presence of non--

linear elementslinear elements
•• analysis in the phase planeanalysis in the phase plane
•• analysis with describing functionsanalysis with describing functions
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Examples of non linearitiesExamples of non linearities

•• Friction in a mechanical systemFriction in a mechanical system
•• Saturation in an amplifierSaturation in an amplifier
•• Switching elements, e.g. in Switching elements, e.g. in 

thermostatsthermostats
•• operatingoperating--pointpoint--dependent dependent 

parametersparameters
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We observeWe observe

•• For a nonFor a non--linear system the output linear system the output 
can be zero for small input changescan be zero for small input changes

•• If the input signal increases with a If the input signal increases with a 
factor factor αα, the change in the output , the change in the output 
can be smaller or larger than can be smaller or larger than αα. . 
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Friction characteristicFriction characteristic

ωω
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Forward pathForward path
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SaturationSaturation

•• Due toDue to
–– maximum valve opening reachedmaximum valve opening reached
–– output voltage of an amplifier limited by output voltage of an amplifier limited by 

voltage of power supplyvoltage of power supply
–– end stopend stop
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SaturationSaturation
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Saturation in amplifierSaturation in amplifier
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2020--simsim: Saturation_demo: Saturation_demo
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Saturation in amplifierSaturation in amplifier
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ThermostatThermostat

•• Temperature control inTemperature control in
–– buildingsbuildings
–– boilersboilers
–– refrigeratorsrefrigerators
–– cars (motor cooling)cars (motor cooling)
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ThermostatThermostat
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Thermostat with dead zoneThermostat with dead zone

It makes no sense toIt makes no sense to
damp the overshoot causeddamp the overshoot caused
by the heating systems byby the heating systems by
switching on the switching on the 
air conditioningair conditioning In practice only oneIn practice only one

of the two systems activeof the two systems active
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Thermostat with dead zoneThermostat with dead zone
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damp the overshoot causeddamp the overshoot caused
by the heating systems byby the heating systems by
switching on the switching on the 
air conditioningair conditioning In practice only oneIn practice only one

of the two systems activeof the two systems active
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Room controlRoom control

thermostatthermostat roomroomboilerboiler
k
τs    + 1

k
τs    + 1

2020--simsim: Thermostat_demo1: Thermostat_demo1
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Room controlRoom control
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Relay plus dead zoneRelay plus dead zone
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2020--simsim: Thermostat_demo2: Thermostat_demo2
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Relay plus dead zoneRelay plus dead zone
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Relay plus hysteresisRelay plus hysteresis
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2020--simsim: Thermostat_demo3: Thermostat_demo3
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Relay plus hysteresisRelay plus hysteresis
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Room thermostatRoom thermostat

ROOM

Room
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2020--simsim: : CentralHeatingSystemCentralHeatingSystem
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Process propertiesProcess properties

∫ ∫

x
p

K K
1

steering machinesteering machine shipship

raterate
limiterlimiter

rudderrudder rate of turnrate of turn
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Process propertiesProcess properties

0 10 20 30 40 50
time

S
ig

na
lM

on
ito

r2

0

10

20

30

40

50

0

0.4

0.8

1.2

1.6

2

rudderrudder
rate of turnrate of turn



Control Engineering
University of Twente

Lecture 9    Non-linear Systems (26) Control Engineering 2004/2005  © Job van Amerongen

Non linearityNon linearity

ψψ..

δδ

In forward path:In forward path:

δδ

ψψ..

In feedback path:In feedback path:
3

1 3c cδ ψ ψ= +
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course unstablecourse unstable

ψψ..

δδ

In forward path:In forward path:

δδ

ψψ..

In feedback path:In feedback path:

δ ψ ψ= − + 3
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OverviewOverview
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Why non linearities?Why non linearities?

•• Sometimes it is difficult or too Sometimes it is difficult or too 
expensive to make a linear systemexpensive to make a linear system
–– friction, saturationfriction, saturation

•• Sometimes wantedSometimes wanted
–– safety (maximum relay)safety (maximum relay)

•• It is CheapIt is Cheap
–– relay is a cheap power amplifierrelay is a cheap power amplifier

e.g. thermostat, integrated with other e.g. thermostat, integrated with other 
functions: sensing, functions: sensing, setpointsetpoint
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Unwanted non linearitiesUnwanted non linearities

•• BehaviourBehaviour of a good feedback system of a good feedback system 
is only determined by the elements in is only determined by the elements in 
the feedback path.the feedback path.

•• High gain feedback can compensate High gain feedback can compensate 
for unwanted nonfor unwanted non--linearitieslinearities, such as , such as 
frictionfriction
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Tacho feedbackTacho feedback
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2020--simsim: Friction_demo_with_control: Friction_demo_with_control
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Influence of non linearities
with tacho feedback
Influence of non linearities
with tacho feedback
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ConclusionConclusion

•• Feedback can considerably reduce Feedback can considerably reduce 
the influence of non the influence of non linearitieslinearities

•• Especially Especially tachotacho feedback is an feedback is an 
effective means to get rid of the effective means to get rid of the 
deteriorating effects of static and deteriorating effects of static and 
coulomb frictioncoulomb friction

•• Other possibility:Other possibility:
inverse characteristic in series inverse characteristic in series 
–– much more sensitive for parametersmuch more sensitive for parameters
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Compensation with inverseCompensation with inverse

1
K

sτ +
1
s

motor with frictionmotor with friction

1
s

1
s



Control Laboratory

Lecture 9    Non-linear Systems (35) Control Engineering 2004/2005  © Job van Amerongen

Phase plane
analysis

Phase plane
analysis
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Time responseTime response

k
τs    + 1

∫
xx11xx22

2020--simsim: phase_plane_demo_relay(2): phase_plane_demo_relay(2)
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Phase plane plotPhase plane plot
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Phase plane analysisPhase plane analysis
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IsoclineIsocline
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Some valuesSome values
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GraphicalGraphical
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Relay with dead zoneRelay with dead zone
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Switching lineSwitching line
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demodemo

∫k
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Switching lineSwitching line
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Time responseTime response

0 1 2 3 4 5 6 7 8 9 10
time

x1
R

el
ay

 o
ut

-4

-3

-2

-1

0

1

2

3

4

5

6



Control Engineering
University of Twente

Lecture 9    Non-linear Systems (48) Control Engineering 2004/2005  © Job van Amerongen

Time optimal (bang bang)Time optimal (bang bang)
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Kd too largeKd too large
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Describing functionsDescribing functions
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Describing functionsDescribing functions

k
τs    + 1

We consider systemsWe consider systems
at the border of instability:at the border of instability:
i.e. sinusoidal signalsi.e. sinusoidal signals

Only first harmonicOnly first harmonic
of the signal,of the signal,
because of lowbecause of low--passpass
character of processcharacter of process
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SignalsSignals
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FormulasFormulas

Consider a NLConsider a NL--element with output signal element with output signal yy((tt))
and and xx((tt) = ) = xxmaxmaxsin(sin(ωωtt) as input signal) as input signal

Fourier series:Fourier series:

1 1 1( ) sin( ) cos( ) sin( )y t y t a t b tω ϕ ω ω≈ + = +
2

1
0

1 cos( ) ( )a y t d t
π

ω ω
π

= ∫
2

1
0

1 sin( ) ( )b y t d t
π

ω ω
π

= ∫

2 2
1 1 1y a b= +

1

1
arctan a

b
ϕ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠
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FormulasFormulas

The describing function of the NLThe describing function of the NL--element, N, is:element, N, is:

1
max

j jyN N e e
x

ϕ ϕ= =

xxmaxmaxsin(sin(ωωtt)) jN e ϕ 1 sin( )y tω ϕ+
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Describing function of relayDescribing function of relay
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ϕ = 0ϕ = 0

1

1
arctan a

b
ϕ

⎛ ⎞
= ⎜ ⎟

⎝ ⎠

For all radial symmetric, single valuedFor all radial symmetric, single valued
non non linearitieslinearities, , aa11 = 0.= 0.

This implies that This implies that ϕϕ = 0 (no phase lag)= 0 (no phase lag)
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Describing function of relayDescribing function of relay

( )   if 0 ,   ( )   if 2y t M t y t M tω π π ω π= < < = − < <
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Describing function of relayDescribing function of relay
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max max max
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Describing function
(linear gain)
Describing function
(linear gain)
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Describing function
(relay with dead zone)
Describing function
(relay with dead zone)
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Describing function
(saturation)
Describing function
(saturation)
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Use of describing functionUse of describing function

•• Describing function should only be Describing function should only be 
used for sinusoidal signalsused for sinusoidal signals
–– systems on the border of instabilitysystems on the border of instability

NN GG((jjωω))__
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Stability analysisStability analysis

Close loop system (characteristic equation)Close loop system (characteristic equation)

max1 ( ) ( ) 0G j N xω+ =

max( ) ( ) 1G j N xω = −

max

1( )
( )

G j
N x

ω = −

NyquistNyquist plotplot Inverse of DFInverse of DF

NN GG((jjωω))__



Control Engineering
University of Twente

Lecture 9    Non-linear Systems (64) Control Engineering 2004/2005  © Job van Amerongen

Example (gain)Example (gain)

max

1 1
( )N x K

− = −
rere

imim

STABLESTABLE
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Example (relay)Example (relay)

max

1
( )N x

−

xxmaxmax

Intersection:Intersection:
LIMIT CYCLELIMIT CYCLE

rere
imim
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Limit cycleLimit cycle

A B
C D

Limit_cycle_relay.emLimit_cycle_relay.em
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ResponseResponse
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Example (relay + dead zone)Example (relay + dead zone)

2 intersections:2 intersections:
stable and unstablestable and unstable
limit cyclelimit cycle

max

1
( )N x

−

xxmaxmax

xxmaxmax
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Response (1)Response (1)
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Response(2)Response(2)
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ExplanationExplanation

xxmaxmax

NN((xxmaxmax))

dd

2M
dπ

2d

stablestable
(unstable(unstable

limit cycle)limit cycle)

KK of of G G ((jjωω) at) at
intersectionintersection
with with --re axisre axis

stablestable
limit cyclelimit cycle
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Example (relay + dead zone)Example (relay + dead zone)

xxmaxmax

xxmaxmax

xx(0) small:(0) small:
no reaction or unstableno reaction or unstable
limit cyclelimit cycle

xx(0) medium: (0) medium: ‘‘unstableunstable’’,,
xxmaxmax increases,increases,
goes to stablegoes to stable
limit cyclelimit cycle

xx(0) large(0) large
( stable limit cycle)( stable limit cycle)
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demodemo

A B
C D

DD

Dead zone = 1Dead zone = 1
D = 0.8, 1.05, 1,1, 1.15

Limit_cycle_relay_dead_zoneLimit_cycle_relay_dead_zone

D = 0.8, 1.05, 1,1, 1.15
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ConclusionsConclusions

•• Describing function gives an Describing function gives an 
interpretation of noninterpretation of non--linear systemslinear systems
–– only at border of instability !only at border of instability !
–– Only valid for more or less sinusoidal Only valid for more or less sinusoidal 

signalssignals
–– (only first harmonic of Fourier series is (only first harmonic of Fourier series is 

taken into account)taken into account)
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